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Abstract. Starting from ideas of Furuta, we develop a general formalism 
for the construction of cohomotopy invariants associated with a certain class 
of S^-equivariant non-linear maps between Hilbert bundles. Applied to the 
Seiberg-Witten map, this formalism yields a new class of cohomotopy Seiberg- 
Witten invariants which have clear functorial properties with respect to dif- 
feomorphisms of 4-manifolds. Our invariants and the Bauer-Furuta classes are 
directly comparable for 4-manifolds with bi = 0; they are equivalent when 
fei = and 6+ > 1, but are finer in the case fei = 0, = 1 (they detect the 
wall-crossing phenomena) . 

We study fundamental properties of the new invariants in a very general 
framework. In particular we prove a universal cohomotopy invariant jump 
formula and a multiplicative property. The formalism applies to other gauge 
theoretical problems, e.g. to the theory of gauge theoretical (Hamiltonian) 
Gromov-Witten invariants. 
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1. Introduction 



1.1. Motivation. The goal of this article is to develop a general formalism for the 
construction of cohomotopy invariants associated with a certain class of non- linear 
maps between Hilbert bundles. The main example we have in mind is the Seiberg- 
Witten map, but the formalism applies to other interesting classes of maps related 
to gauge theoretical problems as well. 

The first stable-homotopy Seiberg-Witten invariants have been introduced in- 
dependently by M. Furuta and S. Bauer. Furuta first used "finite dimensional 
approximations" of the monopole map in his work on the 11/8 conjecture [Fulj . 
and then introduced a class of refined Seiberg-Witten invariants (called "stable ho- 
motopy version of the Seiberg-Witten invariants" ) in a geometric, non-formalized 
way in |Fu2| . In this preprint Furuta acknowledges independent work by Bauer 
|B3| . According to Furuta, the new invariants belong to a certain inductive limit 
of sets of homotopy classes of maps associated with "finite dimensional approxi- 
mations" of the Seiberg-Witten map. The structure and the functorial properties 
of this inductive limit (with respect to diffeomorphisms between 4-manifolds) have 
not been worked out in this article. A precise version of the new invariants has 
been introduced later by Bauer- Furuta in [BFj : the Bauer- Furuta classes belong 
to certain stable cohomotopy groups associated with a presentation {E, F) of the 
K-theory element ind(0) defined by a fixed S'pm'^-structure. This element ind(0) 
belongs to the K-theory group K{B), where B = H^{X]R)/H^{X]Z) is the Picard 
group of the base manifold X. 

In this article we propose a different construction of cohomotopy invariants which 
has the following advantages: Our construction yields a larger class of invariants, 
which are well defined in all cases, are always finer than the classical invariants, 
and have clear functorial properties. In order to explain the advantages of the new 
formalism in a non-technical way, we consider again the Seiberg-Witten case. 

It is well known that the Seiberg-Witten map fi can be regarded as an S^- 
equivariant bundle map between Hilbert bundles over the torus B (see jBFj and 
section 13.41 of this article). We first choose the perturbing form in the second 
Seiberg-Witten equation in the "bad way" , i.e. such that the equations have re- 
ducible solutions (solutions with trivial spinor component); we make this "bad 
choice" even in the case b+{X) > l! In "classical" Seiberg-Witten theory one 
perturbs the second Seiberg-Witten equation using a nontrivial self-dual harmonic 
form K G iH"*" \ {0}, and gets a new map which defines a moduli space which 
does not contain reductions. Instead of a constant perturbation k, we consider a 
map K : B ^ ffl+\{0}, and perturb the Seiberg-Witten map /i (regarded as bundle 
map over B) using this map. The associated invariant will depend on the homotopy 
class [k] G [S, S'(iH+)]. This leads to the following questions: 



(1) Does one obtain new invariants in this way? 
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(2) If so, does one have a universal cohomotopy invariant jump formula, i.e. a 
formula which describes the jump of the cohomotopy invariant when one 
passes from one homotopy class to another? 

(3) Use again constant perturbation forms k, but let k vary in the sphere 
S'(i]HI+) and regard the obtained map p, as an S'^-equivariant bundle map 
over the larger basis B x S'(iH+). Does this universal perturbation ji yield 
more differential topological information than the individual perturbations 
/^K? If not, express the cohomotopy invariant associated with fl in terms of 
the invariant associated with /x^ and topological invariants of X . 

These questions are interesting as soon as 6i > 5+ — 1 (even for 6+ > 1!) and they are 
also interesting for the classical invariant, because for non-constant perturbations 
K one gets new Seiberg-Witten type moduli spaces. The universal wall-crossing 
formula [LLj . [00] . [OTj for the full Seiberg-Witten invariant^ should be a formal 
consequence of a universal cohomotopy invariant jump formula. These questions 
will be completely answered in this article. 

Another motivation for proposing a new formalism was the need to have well 
defined invariants, with clear functorial properties. Recall that the classical full 
Seiberg-Witten invariant can be regarded as an element of [A*H^{X,Z)]^p^"'''-^\ 
where Spin'^{X) denotes the torsor of equivalence classes of S'pin'^-structures. There- 
fore this invariant belongs to a group which is obviously functorial with respect to 
pairs {h, 6) consisting of an orientation preserving homotopy equivalence /i : X — > 
X' , and a bijection : Spin'^{X') — > Spin'^(X) which is compatible with the Chern 
class maps Spin%X) H'^{X,Z), Spin%X') H^{X',Z) and the H^{X,Z), 
H^{X','Z)-actions on the two sets. Such a pair will be called a Spm'^-homotopy 
equivalence. We will say that an assignement X t-^ G{X) G Ab is topologically 
functorial on the category of smooth 4-manifolds if it is functorial with respect 
to S'pm'^-homotopy equivalences. It is natural to require that the refined Seiberg- 
Witten invariant belongs to a group G{-) which is topologically functorial, as it is 
the case for the classical invariant. In other words, we want the group to which the 
invariant belongs to have much stronger functorial properties than the invariant it- 
self. This is important for practical reasons; for instance, if one wants to classify the 
S'pm'^-homotopy equivalences X X which are realized by diffeomorphisms, one 
will essentially need the topological functoriality of the group to which the invariant 
belongs. 

The definition of the stable cohomotopy group used in [BF| depends on the 
choice of a presentation {E,B x C") of ind(0) G K{B) (see [BF] p. 8-9). Since 
in general such a presentation has homotopically non-trivial automorphisms, the 
obtained cohomotopy groups cannot be regarded as invariants of the K-theory el- 
ement ind(0) e K{B). This makes it difficult to control the functorial properties 
of the Bauer-Furuta stable cohomotopy groups as defined in [BFj with respect to 
homeomorphisms (or even diffeomorphisms) of 4-manifolds, and to understand in 
which sense the constructed class is well defined. 

Using Segal cocycles instead of finite rank presentations ( [BFj p. 7-8) does 
not remove the problem, because of monodromy phenomena in the space of Segal 



^The full Seiberg-Witten invariant lOTI is an element in A*{H^{X] Z)). The numerical Seiberg- 
Witten invariant (the original invariant introduced by Witten) is the degree term of the full 
invariant. 
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cocycle43- A similar difficulty concerns the concept "Thorn spectrum of a virtual 
bundle" , used by Bauer- Furuta (see jBF] p. 8) and other authors in order to give 
a geometric interpretation of the Bauer-Furuta classes. One can indeed associate a 
Thorn spectrum to a fixed presentation {E, BxC"') of a K-theory element x £ K{B), 
but unfortunately not to x itself. For 4-manifolds with bi — 0, the Bauer-Furuta 
class gives a well defined invariant, which can easily be identified with the image 
of our invariant under a boundary morphism of cohomotopy groups. The two 
invariants are equivalent when bi = 0, 6+ > 1. 

Note that an elegant construction described by Furuta 'Fu3] leads to a well- 
defined invariant belonging to a group which is C°°-functorial for arbitrary bi and 
fe+ > 1. Furuta uses the universal family of Dirac operators associated with a met- 
ric and a class of 5pm'^-structures c G Spin'^{X) in order to remove the ambiguity 
in the choice of a Spm'^-structure t € c and get a well-defined Segal cocyle. We 
will explain this formalism in section [3.41 

Our new point of view has the following advantages: 

(1) The new cohomotopy Seiberg-Witten invariants are finer than the full clas- 
sical Seiberg-Witten invariants in all cases, including the case of manifolds 
with 6i > — 1 and including the invariants associated with non-constant 
perturbations n : B ^ iR\ \ {0}. In the case &i > — 1 we prove a 
universal cohomotopy invariant jump formula; the universal wall-crossing 
formula for the classical invariant is a formal consequence of this result. 

(2) Our invariant belongs to a cohomotopy group which is intrinsically associ- 
ated with the base 4-manifold, and is topologically functorial in the sense 
explained above. 

Remark: An interesting development in cohomotopy Seiberg-Witten theory con- 
cerns invariants defined for families of 4-manifolds parameterized by a compact 
space [Fil2] . Most parts of our construction generalize immediately to this situa- 
tion; note however that in the family case the map n above has to be replaced by 
a section of a certain sphere bundle. 

1.2. Summary of results. In the first section we construct a graded cohomotopy 
group associated with a K-theory element x G K{B). To every representative 
{E,F) £ X we associate the graded group 5iaJj(S'(£^)+B, i^^), where sia*g{-,-) 
stands for the S'^-equivariant stable cohomotopy group functor on the category of 
pointed S^-spaces over B; it is obtained by stabiHzing with spaces of the form 
(f?®Co)ij, where 77 is a a complex, and ^0 a real bundle. Note that we do not use all 
characters of in the stabilizing process; for this reason we do not use the standard 
notation giw^ found in the literature [CJ| . We define a*{x) to be the inductive 
limit of the graded groups 5ia|j(S'(i?)+_B, -Fg ) with respect to the category T{x) 
of representatives {E, F) of x. Since T{x) is not a small filtering category (see 
[AM] , and section [5Tl below), this limit cannot be obtained using the classical 
construction. It will be constructed in two steps: First we stabilize the graded 
group 5iag(5'(£')+B, i^^) with respect to standard representative enlargements 



Contrary to what is often stated in the hterature, the space of possible Dirac operators 
associated with a fixed equivalence class of Spin'^-structures is not contractible (see section [3.4^ . 
So even if one considers only S'pm'^-Dirac operators, one does not get a contractible space of Segal 
cocycles. 
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{E,F) 1-^ {E ® U, F ® U), and we obtain a new graded group a* {E,F), which stiU 
depends on the fixed pair {E, F). The groups a*{E, F), a*{E', F') defined by two 
representatives (E,F), {E',F') of x are non-canonically isomorphic. The group 
a*{x) will be the quotient of a*{E,F) by the equivalence relation generated by 
the inductive limit of the automorphism groups Aut(£' [/) x Aut(F © U). We 
give an explicit description of a*{x) as a quotient of the group a*{E, F) associated 
with any representative (i?, F) by the action of the image of the J-homomorphism 
51 J : K^^{B) 5ia°(i?)^ in the group of units sia'^{B)^ of the ground ring 
sia^{B) :— 510^(5+5,5+5). In other words, we are able to control the effect 
of bundle automorphisms in our inductive limit and we obtain a graded group 
which is intrinsically associated with the K-theory element x. We believe that this 
construction is of independent interest from the point of view of homotopy theory. 

A way to understand the role of the graded group a*{x) is the following: Because 
of the presence of homotopically non-trivial bundle automorphisms, one cannot de- 
fine the projectivization P(a;) of a K-theory element x £ K{B) (neither in the cate- 
gory of topological spaces nor in the category of spectra) . The graded group a* {x) 
plays the role of what should he the cohomotopy group of a formal projectivization 
of the K-theory element x. 

In the second section we first introduce a distinguished class of non-linear maps 
/i between Hilbert bundles over a compact base B. The C-linear part of the lin- 
earization of such a map /i at the zero section is a linear Fredholm operator, so it 
defines a K-theory element x G K{B). The goal of the section is the construction 
of an invariant {/i} G a*{x). This invariant is constructed using finite dimensional 
approximations of the map /i. In order to get these approximations we make use of 
the retractions pA ■ A'^ \ S {A-'-) associated with finite dimensional subspaces 

A of a Hilbert space A, as in [BFj . This method to construct finite dimensional 
approximations applies to a very large class of non-linear maps, whereas Furuta's 
original method based on L^-orthogonal projections on direct sums of eigenspaces 
(see |Fu2j ) is limited to maps whose linearizations are elliptic differential operators. 

The main difference between our definition and the construction of the Bauer- 
Furuta classes given in [BFj , is that 




(1) our construction uses only spaces fibered over the base B. In particular we 
avoid using Thom spaces, 

(2) we treat the real and the complex summands in our finite dimensional 
approximations separately. 

Therefore, from this point of view, our construction is closer to the original ideas of 
Furuta jFu2j . Having the finite dimensional approximation, a representative of the 
invariant is an element in a group of the form s^ce*B{S{E)+B, F^) obtained by a 
simple geometric construction, which we call the cylinder constructioi^ The class 
obtained in this way carries more information than the one defined in |BF| . In 
13.41 we show that the Seiberg-Witten map associated with a Spin'^-structure r on a 
Riemannian 4- manifold M with &+(M) > yields a non-linear Fredholm map sWk, 
(depending on a twisting map k : B ^ H'^{X;R)/H'^{X;Z) 01% \ {0}) which 
belongs to our distinguished class of maps. Hence the general theory applies and 

■^After completing the first version of this article we found out about the results [C] on Leray- 
Schauder index theory. Under the assumption that the group-action is free on a neighborhood of 
the zero-set of the vector field, one can define a refinement of the usual Poincare-Hopf vector field 
index, which is probably related to our refinement of the Bauer-Furuta class. 
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a yields a cohomotopy Seiberg-Witten invariant {swk} G Q!^+(^'^^^^(ind(0)), which 
only depends of the homotopy class of k. Our construction of the bundle map sWk 
is different from and somewhat simpler than the one given in [BF' . In this section 
we also explain why the space of Dirac operators associated with a fixed equivalence 
class of S'pm'^-structures is not contractible, so there is no way to distinguish a con- 
tractible class of Segal cocycles defining the if-theory element ind(0). This makes 
clear why the cohomotopy groups defined in [BFj (which depend essentially on the 
choice of a Segal cocycle) cannot be regarded as intrinsic (functorial) invariants of 
the base manifold. 

In the third section we prove several fundamental properties of the invariant 
{/i} G a*{x) in our general, abstract framework: 

(1) We study the image of our invariant under the Hurewicz morphism, and 
we prove that the Poincare dual of this image can be identified with the 
virtual fundamental class of the vanishing locus. In other words, the full 
homology invariant associated with the virtual fundamental class of the 
"moduli space" (i.e. the S'^-quotient of the vanishing locus of fj.) can be 
identified with the Hurewicz image of the cohomotopy invariant. Moreover, 
the Hurewicz morphism is an isomorphism when the "expected dimension" 
vanishes. 

(2) We prove a formal universal cohomotopy invariant jump formula for our 
refined cohomotopy invariants. 

(3) We prove a general product formula for the invariant {/ii x ^2} associated 
with a product of maps; in this formula we allow one of the factors to have 
zeros on the S'^-fixed point locus. When both factors are nowhere vanishing 
on their fixed point loci, we prove a vanishing result for the Hurewicz image 
of the invariant. 

Specialized to the Seiberg-Witten map, these properties automatically yield im- 
portant results for the new cohomotopy Seiberg-Witten invariants. 

The first result shows that the cohomotopy Seiberg-Witten invariant is a refine- 
ment of the classical full Seiberg-Witten invariants in all cases. Combined with 
the second property, this also yields a universal invariant jump formula for the full 
classical Seiberg-Witten invariant in the case bi{X) > b+{X) — 1. 

The vanishing result in (2) reproves the classical vanishing theorem for the 
Seiberg-Witten invariant of a direct sum in the case where both summands Xi 
have b+{Xi) > 0. 

The third result provides the topological formalism for proving a formula for the 
cohomotopy invariant of a connected sum of two 4-manifolds, even in the case when 
one term of the sum has 6+ = 0. The analytic techniques required for this general 
gluing formula are not discussed in this article. 

Acknowledgment: The first author would like to thank Tammo tom Dieck for 
useful and interesting discussions at the beginning of this project. The second 
author is indebted to Mikio Furuta for useful discussions and for explaining the 
construction of the "universal Seiberg-Witten map" described in section [331 

2. Cohomotopy groups associated with elements in K{B) 

2.1. Definition of sia*g{X,Y). Let i? be a compact topological space endowed 
with the trivial S^-action. Let Cs be the category defined in the following way: the 
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objects of Cs are vector bundles over B of the form 

C = ?7 © Co , 

where is a complex vector bundle endowed with the standard iS^-action and 
is a real vector bundle endowed with the trivial S'^-action; for two objects ^ = 
?7 © Coj C = ffi Co 9- morphism : ^ — > ^' is a pair (i,C) consisting of an S^- 
equivariant bundle embedding i ~ l (B io '■ C ^-nd a complement ( = v (B Co 
of i(^) in Composition of morphisms is defined in a natural way. A morphism 
u = ■ £, C defines a push-forward morphism A{u) : A{^) — > A{^'), where 

A(^) := A{ri) X A{(_o) is the automorphism group of ^. We obtain in this way 
a functor A : Cb ^ Gr. In the terminology of section [57T1 the pair {Cb,A) is a 
category with automorphism push-forward. 

Let X ^ B, Y ^ B he two pointed S'^-spaces over B. The assignment 

(where 5i7r'^(X, F) stands for the set of homotopy classes of 5 ^-equi variant base 
point preserving maps over _B) is functorial with respect to morphisms in Cb- for 
a morphism u = {i,C) ■ C — * C'j the push- forward class is defined using 

io f o i^^ on i(^) and id^ on its complement C- Therefore this assignment defines a 
functor 5i7r^(X A_B /\b ■) : Cb — > Sets. It is not clear at all that an inductive 
limit of this functor exists, because Ob{CB) is neither a filtering nor a small category 
(see section \5l} . 

Proposition 2.1. Let = $o G Ob{CB), a. ~ {a,ao) G A{£^), and u = (iX) 
the standard morphism ?7 ® Co = C ^ C •= ® '?) © (Co © Co) defined by (y, x) 
((?;,0),(a;,0)). For every [f] £ s^t^%{X /^b ii,Y Ab ^t) one has 

u4a*([/]) = ■ 

Proof: Identifying ^ with C © C one can write u*(a*[/]) = [g] where g is the 
composition 

(idxAs[a®id^] + )o(/ABid^+)o(idjf Ai3[a-ieid5] + ) : XAb[^®S\^ i^As[C©C]B- 
Let i?t be the automorphism of ^ © ^ defined by the matrix 

_ ( cos(tf) -sin(tf) \ 
^* sin(tf ) cos(if ) ) ■ 

For an automorphism b of ^ note that rt o (b ® idj) o r^^ defines a homotopy between 
b ® idj and id^ ffi b. This shows that g is homotopic to the map 

g' := (idx As [id^ © a];/j) o (/As id^+) o (idx As [id^ ® a"^]^) = / As id^+ 

which is a representative of the class ([/]). ■ 

We define the stable cohomotopy group 51 {X, Y) by 

S^al{X,Y) :=lim s^A{X Ab [C"el™]+ F As [C"eM"] + ) . 

(n,m)eN^ 

In this formula and in the rest of the paper we use the notation V_ for the trivial 
bundle B x V over the base B. This inductive limit has a natural Abelian group 
structure (see [CJj p. 168 for the non-equivariant case). 
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Proposition 2.2. The functor 5i7r^(X As ■,Y As ■) ■ Cb ^ Sets admits an 
inductive limit, which can be identified with 51 a'g {X, Y) . 

Proof: Let Af^ be the small category associated with the ordered set (N x N, <) 
and consider the functor Q : Af^ — > Cb which assigns to a pair (n, m) the trivial 
bundle C" ® M™ over B, and to an inequality {n, m) < {n' , m') the standard 
morphisni between the corresponding trivial bundles. Using the terminology of 
section 15. 1[ A/" is a small filtering category, and 8 is a cofinal functor from M 
to the category {Cb, A), which is a category with automorphism push- forward. By 
definition gia%{X, Y) is just the limit of the composed functor giTi^g{X f\B-,Y Ab)'^ 
Q. On the other hand, Proposition 12 . II shows that the functor 5i7r^(X As •, F As •) 
satisfies the "trivial stable actions" axioms TSA, 0SA. The result follows therefore 
from Proposition [UTT] in section [STll ■ 

Note that Proposition 12 . 21 implicitlv yields a canonical map 

: s^n%{X Ab^b^Y hBS.1)^ s^c,%{X,Y) 

for every ^ g 0{Cb), such that the system {c^)^eo(CB) satisfies the universal prop- 
erty of the inductive limit. 

As in the non-equivariant case we put 

5i«^(X,y) ■.= s^a%{XAB m'')t,YAB m'^+ns) {N, N+p>0). 
Each gia^{X, Y) is a bimodule over the ring 

-.^ s^a'^{B+,S'') ^ s^aUB+B,B+B) , 

and s^Oi*g{X,Y) ®pez s^Oi^Bi-^'^) ^ graded bimodule over the graded ring 
sia*{B) = ©siaP(B), where 

Sia^iB) := s^aP{B+, S') = s^o.%B+, S^) . 

Right and left multiplication with elements in gia''^{B) coincide (see |CJ| p. 172). 

Remark 2.3. In the special case when Y is of the form Y — d^g with ^ £ Cb, one 
has a canonical identification 

where (B ('= y_, and V has the form C'^ (BM'' . In the terminology of p3Fj the latter 
group is a stable cohomotopy group formed with respect to the universum generated 
by the -representations C and R. 

2.2. The computation of sia'^{B+,V'^). Let 0{V) be an orthogonal rep- 

resentation of S^. Our next goal is the computation of the group 5ia'^(i?+, y+) 
for fc > 0. In particular, we obtain explicit descriptions of the positive summands 
sia'=(B) = sia'=(B+, + ) of the graded ring 51 a* (B). 

Replacing V by © M*^, we can reduce the problem to the case fc = 0. One has 

sia°iB+,V+) = lim [B+ A [C" © M™]+, V+ A [C" © M™]+] f , 

(n,m)GN^ 

where [•, -Jf stands for the set of homotopy classes of S'^-equivariant maps between 
two pointed S'^-spaces. 
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According to Hauschild's splitting theorem (Satz 3.4 in (Hj) there is a natural 
identification 

Jo 



[s+ A [C"eM™]+,[v^eC"eE'"i+i^ - 



(1) 



B+A[M'"] + ,[y^']+A 



X 


B+ A 








, V+ A [C" e R"]+ 



where the projection on the first factor is given by restriction to the fixed point set. 
There exists a homeomorphism of S'^-spaces 



/rmmi+ ~ S'(C")+ A 5" 



jn+1 



Indeed, one has 



[C 



7 _ S-fC" © IR"+M/ 



Using the natural identification 
S+A[S'(C")+AS'"+i] w S'(C")+A[B+AS""+i] « '^(*^") ^ [^+ ^ '^'"^^V5(C") x {*} 
and denoting by V^j the associated bundle S'(C") x 51 V over P(C") wc find 



A 



, V+ A [C 



^ S'(C") X [S+ A 5""+^]/ T/+ A [r" : 

= si4(C") (^(C") X [B+ A 5™+i], 5(C") X [1/ e e 
?s 7rO(c.) (p(C") X [5+ A [K e Op(c..)(i)®" el"i+ 

- 7r°(c.) ([P(C") X [B+ A S']] Ap(c.) ^"], [K ® Op(c.) (l)®"]+(c„) Ap(c.) ^" 
The limit over m of this set is 

^°(C„) (P(C") X A S% [Vn e Op(c.)(l)®"]p(C")) • 

Now note that 

v;ecerp(c.) = i4©Op(C")(i)®" ■ 

Therefore, applying the duality isomorphism given in Proposition 12.41 |CJ| to the 
map TT : P(C") {*}, one gets 

^V) X [B+ A S'], [Vn ® Op(c.)(l)®"]+(c.)) = a;'^(S+A5\^,([KeC] + c„))) 

^ u;°(-B+ A S\T{V„®Q) = uj°{B+ A S'\T(V;) A S^) uj"{B+, r(K) A S^) , 
where T(-) stands for the Thom space functor. This shows that 



liin 



B+ A 



At 



,y+ A 



tj°(B+,T(£;S'ixsil/)AS'i) 



where ES^ x 51 1/ is the vector bundle associated with the universal S'^-bundle 
ES'^ BS^ ^ P°° and the fiber V. Using formula ^ we obtain the following 
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Proposition 2.4. One has a natural group isomorphism 

s^a''{B+, V+) ^ Lo'^{B+, X Lo"{B+,T{ES^ x^i 1/) A S^) . (2) 

where the projection on the first factor is given by restriction to the fixed point set. 
In particular 

Sia''{B)^u;''{B) x lu''{B+,F^ A S^) . 

Remark 2.5. The second summand in the decomposition 

sia°(B) = uj°{B) X u;°{B+,¥°^ A S^) 

is called "the free summand" in [CKj . The projection s^oP{B) — > oj^{B) is given 
by restriction to the fixed point set, hence it is a ring homomorphism. Therefore 
the free summand Lu'^{B-f-,¥^ A S^) is an ideal of s^ct^{B), and one has a natural 
ring isomorphism 

Corollary 2.6. Suppose that B is a finite CW complex. Restriction to the fixed 
point set defines an isomorphism 

lim ^,ia^-(S+,[C^] + )^ co'^iB) . 

ATGN 

Proof: Indeed, taking V = ® M.^, the second summand in ([2]) is: 

Lu"{B+,T{ES^Xsi [C^eM'=+^])) =lim7r"(B+A[M'] + ,T(£;5ixsi [C^ M'=+i+'])) 

Recall that the Thorn space of a real vector bundle of rank r over a CW complex 
X admits a CW decomposition consisting of a single 0-dimensional cell and cells 
of dimension > r. Therefore, for N sufhciently large any map 5+ A [M']+ 
T{ES^ xgi [C^ © M'=+i+']) is homotopically trivial. ■ 

2.3. The groups a*{x) associated with an element x € K{B). Fix an element 
x € K{B). We define a category T{x) in the following way: the objects of T{x) 
are the presentations of x. For two such presentations (i?, F), {E' , F'), a morphism 
T : {E, F) — > {E' , F') is a system r = {i,j, Ei, Fi, k) consisting of bundle monomor- 
phisms j : E ^ E', i : F ^ F', complements Ei and Fi of i{E) and j{F) in E' 
and F' respectively, and an isomorphism k : Ei Fi. 

With every {E, F) & xwe associate the graded group 5ia^(S'(i?)+_B, F^). In this 
formula the sphere bundle S{E) is defined by S{E) := {E \ Oe)/^>o', alternatively 
one can use an arbitrary Hermitian metric on E. We claim that a morphism 
T : {E, F) {E' , F') induces a morphism 

n : s^aUSiE)+B,F+) ^ s^a*siSiE')+B,[F%) ■ 

Note first that, for Euclidean or Hermitian vector spaces V, W, one has a con- 
traction 

S{V(BW) S{V)+ A W+ 

induced by the map 

c:S{VeW) = IS{V) X D{W)\Ustvus(«') lO{V) x S(H')1 
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It is useful to have explicit analytic formulae for the contraction map c. One can 
define in two equivalent ways: as the; one-point compactification of W, and as 
the quotient D{W)/S{W). Accordingly, the contraction maps c, c' : S{V © W) 
S{V)+ A are given by the formulae: 

cK«,) = |(M^'7n^"') , c>,t«) = |(M«'^) (3) 

v = I * « = 0- 

To save on notations we will still write c instead of c' when the second definition of 
is used. 

In the presence of a morphism t = {i,j,Ei,Fi,k) : {E,F) — > {E',F') we choos- 
ing Hermitian metrics on E' and f which make the isomorphisms i, j, k isometries 
and the decompositions E' = i{E) (B Ei, F' = j{F) ® Fi orthogonal. We get a map 

S{E')+B = Sit{E) ® E,)+B ^ S{t{E))+B Ab {E,)+ , 

which is well defined up to homotopy (the section on the left is mapped fiberwise 
to the distinguished section on the right). One obtains morphisms 

sra*B{S{E)+B,F+)^^ sra*B{S{i{E))+B,m+) = 

= s^a*BiSm))+BAB{Fi)+,j(F)+ABiF,)+) = sia^(5(z(£;))+B As (F')+) 

~ s.a*BiSii{E)hB Ab {E,)+b, {F%) ^ s^aUSiE'Us, {F%) . 
The composition of these maps will be denoted by r*. One checks that r* is a 
morphism of 5ia*(B)-modules and that, for any two composable morphisms r, r', 
one has 

(r' o r), = o r, . 

In other words, the assignment {E,F) ^ sia*B{S{E)+B, F^) is functorial, so it 
defines a functor o* : T{x) — > Ab*, where Ab* is the category of graded Abelian 
groups. 

Example: Suppose that the stable class (p S 5ia^(S'(£')+B, F^) is represented 
by an 5^-equivariant map / : S{E) F^ over B (or, equivalently, by an S^- 
equivariant map S{E)^b F^ of pointed spaces over B). Let U he a complex 
vector bundle over B and let r be the obvious morphism {E, F) {E(BU,F(BU). 
Then / defines a map 



^3 Xs 0O!7 

which, composed from the right with the contraction 



[S{E) XB U+]/ _^ F+ XB U+i 

IS{E)xboou 'F+ 

Dm the right with the contraction 

5(F®f/)^[^(^)xB^.-]/5(F)xB0c. 
and from on left with the contraction 

gives an 5 ^-equi variant map S{E ® [/) ^ (F ® f/)+ over B. This map represents 
r.(^) e s^a%{S{E ® U)+b, {F ® U)+). 
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Let a G Aut(i?) be a unitary gauge transformation of the bundle E. Composing 
with the induced automorphisms S{a) of the sphere bundles S'(i?)+_B defines a 
morphism 

On the other hand, a defines an element [a~j^] e 5i7r^(-E^, i?^), whose stable class 
{a^} is a unit in the ground ring s^ct.^{B) and defines multiplication automorphisms 

s,a*B{S{E)+s,F+)^ s^a*^{S{E)+s,F+) . 

Clearly these automorphisms depend only on the homotopy class of a. 

Proposition 2.7. Let (p e s^ct*{S{E)+B,F^) and a £ Aut{E). Let t be the 
obvious morphism T : {E,F) ~* {E ® E,F ® E). In sia*{S{E ® E)+b,[F ® E] + ) 
is holds 

T^{S{a)*{ip)) ^ T^{m{a){ip)) . 

Proof: For simplicity we prove the statement only in degree 0. We may assume 
that a is a unitary automorphism with respect to a Hermitian structure on E. 
Suppose that (p is represented by 

[f]e s^AiS{E)+B As ^i,F+AB ^+) . 

We will prove that the natural representatives 

p, q€ siMapB(5(^ e E)+B Ab ^b E+, (F ® E)+ As ^+ A E+) 

of T*(S'(a)*([/])), r*(m(a)([/])) are homotopic, so they define the same element in 

siA{S{E ® E)+B Ab As E+, (F ® E)+ Ab As E+) . 

We suppose for simplicity that ^ is trivial, to save on notations. Consider the 
contraction map c : S{E ® E)+b S{E)^b As Eg defined by the first formula in 
([3]), and introduce the maps 

X ■■ S{E)+B As E+ Ab E+ F+ Ab E+ Ab E+ 

defined by 

* := [/ o S{a)] Ab id^+ As id^+ , x ■= f As id£;+ As a'^ . 

Using our definitions it is easy to see that p = 'J o (c As id^+), q ~ x° {c Ab id£+)- 
Use the same method as in the proof of Proposition 12.11 (conjugation with the 
rotations oi E (B E defined by the matrices rt) to construct a homotopy 

X = f Ab (idfi ® a)+ ~ / Ab (a ® idfi)^ = f a+ Ab idj^+ := x' ■ 

It suffices to construct a homotopy between {c Ab id£+), and x' o (c As id^+), 
and for this it suffices to construct a homotopy between the maps o c and x'o ° c, 
where 

*o := [./ ° S{a)] Ab id^+ = (./ As id^+) o (5(a) As id^-j) , 
x'o ■= f ^Ba^ = (/ Ai3 id£;+) o (id^+ As a^) . 
Note that (S'(a) As id^+) oc = coS'(a®id£;), and (id5(£;) As a^) oc = co ^(idg ® a). 
In these formulae we use the fact that a is a unitary. On the other hand, using again 
conjugation with the rotations defined be the matrices rt, we see that S{a ® id) ~ 
S(idE ® a). Therefore 

^0 o c = (/ As id^+) o CO ^(a ® id) ~ (/ As id^+ ) o c o ^(idB ® a) = 
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= (/ As id^+) o (ids(B) As a^) o c = Xo : 
which completes the proof. ■ 

A similar statement holds for the action of an automorphism b E Aut(F). Denote 
by [6^]* the automorphism of gia*{S{E)-^-B,Fg) defined by composition with 6^. 

Proposition 2.8. The automorphisms [fo^]*, m{b) coincide on sla*{S{E)-^-B,F^)■ 
T]le proof uses similar arguments as the proof of Proposition [2771 but is substan- 
tially easier. ■ 
An automorphism c S Aut(J7) defines a automorphism a{c) of the graded group 
a*iSiE ® U)+B, [F ® U] + ) defined by f ^ [idp ® c]+ o / o S'(idB ® c)-^. 



Corollary 2.9. Let t : {E ® U, F ® U) ^ {E ® U ® E ® U, F ® U ® E ® U) be the 
natural morphism. Then for any ip G a*{S{E ® U)-i-B, [F ® C/]^) one has 

n(cr(c)(v3)) = r^^) . 

Proof: Indeed, one has 

T* o {[idF ® c]^}* = n o m(c) , r, o {S{idE ® c)"^}* = o (to(c)"^) . 
On the other hand the morphism is 5ia''(i3)-linear. ■ 

Consider now the category Ub of all finite rank complex vector bundles over B. 
A morphism v : U ^ U' in the category is a pair (?, C/i) consisting of a bundle 
embedding i : U U' and a complement Ui of i{U) is U' . This category can be 
regarded in an obvious way as a category with automorphism push-forward (see 
section ISTTj) . The assignment U s^cthi^iF ®U)+b, {F®U)g) is functorial with 
respect to morphisms in Ub, so it defines a functor a*^ p '-Ub ^ Ab* . Since Ub is 
not a small category, it is not clear whether this functor has an inductive limit (see 
sections [2Tl [5T|) . We put 

a*(S,F):=lim sias(^(£^ © C")+b, (F © C")+) . (4) 

riGN 

Proposition 2.10. The Junctor a*p p admits an inductive limit which can be iden- 
tified with a*{E, F). 

Proof: Let JV be the category associated with the ordered set (N, <) and let 
Q : J\f Ub be the cofinal functor n i-^ C" (see section [O]) . By Corollarv l2.91 the 
functor ap p satisfies the trivial stable action axiom 8SA. The result follows now 



from Proposition [5lTT] in section [5TTJ ■ 

In particular one has canonical morphisms cu : 5ia|j(S'(i? ® U)+b, {F ® U)^) 
a*{E, F) for any complex bundle U, and the system {cu)u is a*E ^-compatible and 
satisfies the universal property of the inductive limit. Note that a*{E,F) has a 
natural structure of a graded 51 a* (i?) bimodule. By Propositions 12.71 and 12.81 we 
get: 

Remark 2.11. The action of the gauge groups Aut{E(BU), Aut{F(BU) on a*{E, F) 
is induced by the canonical gia^ (B)^ -action defined by its module structure via the 
morphisms knt{E®U) ^ SiQ°{BY , knt{F ®U) ^ Sia°(i3)^ defined by a ^ a']^ . 

A morphism r — {i, j, Ei, Fi, k) : {E,F) {E',F') between two presentations 
{E, F), (£", F') of X induces a sequence a morphisms (E ® C", ® C") {E' ® 
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C", F' ® C"), SO it induces a morphism f, : a*{E, F) a*{E', F'). It is easy to 
see that is an isomorphism: it suffices to note that the exists an isomorphism 
: {E',F') [E ®U,F ®U) (with U := Ei) such that 61 o t is the standard 
morphism F) — > (E (B U, F (B U), and to apply Proposition l2.10l Therefore we 
obtain a functor d* : T{x) — > Ab* whose associated morphisms d*(r) = are aU 
isomorphisms. According to Proposition l5.8l an inductive hmit of this functor exists 
and can be identified with a quotient of a* {E, F) , for any fixed presentation {E, F) 
of X. Therefore we can make 



Definition 2.12. Define 



a*ix) := Ihn a*{E,F) 

{ETF)ex 



Remark 2.13. This inductive limit is also an inductive limit of the functor a* 
introduced at the beginning of this section. The existence of the inductive limit of 
this functor is a non-trivial statement. 

We introduce now the notations 

A{E) Inn Aut(£; C^), A{F) := Inn Aut(F ® C^) . 

The two groups A{E), A{F) act on the graded group a*{E,F) via the group 
morphisms I : A{E) 5iaO(B)^, r : A(F) (see Remark HH]), 

so the two actions commute. Let Z[A(i?)], Z[A(F)] be the group rings of A{E), 
A(F), I[A{E)], I[A{F)] the augmentation ideals, and A : Z[A{E)] 5ia°(S), 
p : Z[A(_F)] —> gia^{B) the ring morphisms associated with the group morphisms 
I, r. Using Proposition 15 . 81 we get 



Remark 2.14. For every presentation {E, F) €z x there is a canonical isomorphism 

*/ N ~ a*(E F)) I 
^y^)-^ ' ''l\{l{A{E)\)a*{E,F)+p{l{A(F)\)a*{E,F)- 

In the next section we will see that A{E), A{F) are both isomorphic to K~^{B) 
and we will identify the images A(/[A(£^)]), p{I[A{F)]) of the two ideals in gia^{B) 
with the image of the ideal I[K^^{B)] under the ring morphism Z[K~^{B)] 
5ia°(B) induced by the J-map K-^{B) gia'^iB)" . 

2.4. The S'^-equivariant J-map and the description of a*{x). Let tt : E ^ B 
be a Hermitian vector bundle over a compact basis, and let a, b € Aut(£') be two 
unitary automorphisms. We define a map 

Asia, b) : SiE)+B Ab S} E+ 

in the following way: We use the models 

c!(J^\ A qi ^ S{E) X [0,1]/ p+r^D{E)/ 
S{E)+bAbS ^ ^ ' ^/s{E) X {0,1} ^ ^B= ^ /bS{E) 

for the two spaces, and define 

As(a,6)([e,t]):=| [(^2t - l)b{e)] for i<^<l. 
Consider the contraction map 

CE ■.E+ ~^SiE)+B AbS} 
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induced by e i-^ [^Hef^' H'^H)]- ^^^"^ 

{AE{a,b)}^{b+}~{a+} . (5) 

Definition 2.15. The J-homomorphism associated with a Hermitian bundle E is 
the morphism Je '■ 7ro(Aut(i?)) — > s^ct%[B)^ defined by j£;([a]) := {a^}- 



We introduce the map 



Qe ■■ 7ro(Aut(£;)) ^ s^aB\S{E)+B.E+) , QE{[a]) := {AB(idB,a)} 



Let Oe ■ s^ciB^i^i-^)+BT Eg) s^oPgiEB^Eg) be the connecting morphism in the 
long exact cohomotopy sequence: 

••• -> s-c.g\S{E)+B.E+) H sia%{E+,E+) ^ s^a%{B+B,E+) ^ ... (6) 
associated with Eg and the cofiber sequence 

S{E)+B D{E)+B E+ . 
Since Be acts by composition with the contraction c_e, we see that the diagram 

7ro(Aut(i?)) s^ag\S{E)+B,E+) 



Je 

s,a^{Br — s^a^iB) ^ s^a%{E+,Ep 



Oe 

(7) 



is commutative. 



Remark 2.16. Let uj°{B+,'¥'^ A S^) C s^oP[B) be the free summand of the ring 
siQ!°(i?) (see Proposition \2.4\ )- For any [a] G 7ro(Aut(_B)) it holds 

j£([a])- lec^O(B+,P+ A . 

Indeed, uj°{B+,P'^ A 5^) is the kernel of the morphism p : 51 a" (S) uj°{B) 
given by restriction to the fixed point set. Therefore 

p(Js([a])) = p({a+}) = {{a+ f} {ids, J • 



Proposition 2.17. One has 

(1) 

lim 7ro(Aut(£;©C^)) = K-^{B) 

N 

(2) The system of morphisms {dE(jjC'^)Ni£N defines an isomorphisms 
9: lim s^ag\S{E ®C'^)+B,[E ®C'^]b) — > uj"{B+,P'^ /\ S^) . 

N 

Proof: Let $ be a complex bundle on B. For any automorphism a € Aut($) 
we construct a bundle $a over _B x S*^ in the following way: we consider the bundle 
$ X [0, 1] over B x [0, 1] and we identify $ x {0} with <i> x {1} via a. This bundle 
comes with an obvious identification $a|_Bx{o} — Pb(*^) |sx{o}' the difference 
[$a] - [Pi3(*I>)] defines an element k^{a) G K{B x S^,B x {0}). It is easy to see 
that the obtained map fc$ : Aut($) K{B x S^,B x {0}) = K^^{B) is a group 



16 



CHRISTIAN OKONEK, ANDREI TELEMAN 



morphism. Taking the limit over N of the system of morphisms k^Q£N we obtain 
a morphism 

ke ■■ lim 7rn(Aut(£; C^)) -> K-^{B) . 

Let E' be a complement of E and fix an isomorphism E' @ E = C". The 
assignment a id^;/ © a defines an injective morphism 

iE' ■■ lim 7ro(Aut(£;® C^)) -> lim 7ro(Aut(C"+^)) . 

N N 

Similarly, we obtain an obvious injective morphism 

jE : lim 7ro(Aut(C^)) lim 7ro(Aut(£; C^)) . 

Hence we have morphisms 

lim 7ro(Aut(C^)) ^ lim 7ro(Aut(£; C^)) lim 7ro(Aut(C"+^)) K'^B) . 

The composition iE' ° js is clearly an isomorphism. Moreover, it is well-known 
that Kc" is an isomorphism, for every n Cz N. Since ie' is injective, we see that 
ke = o iE> is injective. On the other hand, ° iE' ° Je = i^e ° Je is an 
isomorphism, so is also surjective. 

For the second isomorphism, we take the direct limit over N in the cohomotopy 
exact sequence (O associated with E (S C'^ ■ We have 

hm sia|([i?eC^] + , [E® + ) = s^o^\B) . 

N 

On the other hand, the system of morphisms defined by restriction to the fixed 
point set (see section ^1?^ defines a morphism 

r% : lim sia|(B+B, [E ® C^] + ) ^ 5°) = c^*^(B) . 

N 

Using again a complement E' of E as above, we obtain morphisms 

lim s^a^{B+, [C^]+) = lim s^a%{B+B,B x [C^]+) ^ 

JVeN JVGN 

^hm5i«|(i?+B,[i?©C^]^)^hmsia|(i?+B,[C"+'^] + )^ c.'=(B) . 

Af A 

The morphism lim s^a''giB+B,B x [C^] + ) ^ lim 5ia|(B+B, [C"+^]^) is an iso- 

AeN A 

morphism, and lim s^Oig{B+B, [E®C^]%) lim 5ia|(i?+B, [C"+^] J) is injective. 

"a* A 

Moreover, by CoroUarv 12.61 the map r^;,, is an isomorphism. Now the same argu- 
ments as above show that r'^ is an isomorphism. The limit of ([6|) becomes 

Sia-\B) C cj-\B) ^ hm s^a^\S{E®C'')+B, [E®C'']+) ^ sia°(i?) A u;"{B) 

N 

But the map 

p-i : s^a-\B) = s^a"{B+ A 5^) A S^) ^ cu'^iB) 

is also induced by restriction to the fixed point set, so it is surjective by Remark 
applied to the basis 5+ A S^. Therefore d induces an isomorphism 

lim sia^'(5(i;eC^)+B,[S©C^]J)^ ker(p) =cj"(B+,P^ A^i) . 

N 
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Taking the inductive limit with respect to N of the diagram ([7]) written for 
E C^, we obtain the commutative diagram 

K-\B) ^ Ihn siaB'{S{E(SC'')+B,[E®C''] + )^a-^iE,E) 

N 

~ d 

I (8) 

Remark 2.18. The map to doQ : K~^{B) ~* gia^{B) satisfies the identity 
[LodoQ]{a + h) = [LodoQ]{a)[LodoQ]{h) + [LodoQ]{a) + [LodoQ]{b) . 

It is the "free J-map" in the terminology of Crabb-Knapp (CK , p. 88, p. 93). 

Corollary 2.19. The map J : K^^{B) s^ct^{BY injective. 

Proof: It suffices to note that 9 o 6 is injective by Corollary 2.5 in [CK| . ■ 

The group morphism J extends to a ring morphism J : 'Ii[K^^{B)] gia'^{B). 

Question: Does the subgroup 

J{I[K-\B)]) = {{J{u) -l\ue K~\B)}) = (im(9o 9)) C cc;°(B+,P^ A S^) 
coincide with the free summand lu^{B^, A S^)? 

We come back to the description of a* (x) : Using Remarks 12. Ill and 12.141 one 
gets the following descriptions of a*{x). 

Proposition 2.20. For every presentation {E, F) Cz x there exist canonical iso- 
morphisms 

- /j{I[K-\B)])a*{E,F) ■ 

Since J{I[K^^{B)]) is contained inoj'^{B+,P''^ AS^), which is an ideal of s^oP{B), 
we get epimorphisms 

*f \ Q*(E F)i 
"^^^^ ' loj'^{B+,I'^ AS^)-a*{E,F) ■ 

2.5. Stabilization. In this section we will show that the morphism 

: s^a%{S{E)+B,F+) [F%) (9) 

associated with a morphism r : {E,F) — > {E',F') in the category T{x) is an 
isomorphism as soon as the rank / of F is sufficiently large. In other words, for 
fixed k, the groups a''{x) can be computed using only presentations {E,F) with a 
priori bounded ranks. 

Proposition 2.21. Suppose that B is a finite CW complex. The stabilization 
morphism 0^ is an isomorphism for 2/ > dim(i?) — k. 
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Proof: A morphism t defines a bundle U and isomorphisms E' ^ E (B U , 
F' ^ F Si U . The long exact sequence associated with the cofiber sequence over B 

S{U)+B SE'^s ^ S{E)+B Ab U+ , 

and the target space [F']^ contains the segment 

^ S^a%-\S{U)+B,[F%)~^ s^a'h{S{E)+BABU+,[F%)^ s.a%{SE'_^sAF%) 

The morphism r, is defined by c* via the identification glag{S{E)-^-B, F^) = 
sia%{S{E)+B Ab Uq, [-F']^), so it is an isomorphism as soon as 

5ia^-i(5([/)+B, [F%) = s^a'hiSiUUB, [F%) = . 

Suppose for simplicity fc > 0. A class u £ 5iQ!^(S'(C/)+s, [-F"]^) is represented by 
an S'^-equivariant pointed map over B 

V : S{U)+B Ab ^b = ^^^^ S{U) oo, — ® ® , 

where ^ = 770^0 is the sum of a complex and a real vector bundle. We may suppose 
that ^0 is an oriented bundle, so that all our bundles become oriented bundles. We 
will prove that any such map is homotopic to the map lyjoo which maps the left 
hand space fiberwise onto the section go pi^i^k^^. Denote by q : P(C/) B the 
bundle projection and put 

F' , l-^ q* ® q* {^^) . 

A map v? as above induces a pointed bundle map <^ : Cp^y) — > [^'©I^''' ffiC]p(t/) over 
P(J7), and the assignment ^ (pisa. bijection. But by Corollarv l5.15l in section !??^ 
any such pointed bundle map is homotopic to the fiberwise constant bundle map as 
soon as dimR(P([/)) + rk(^) < rkR(F') + fc + rk(^). This condition is equivalent to 
2/ > dim(B) - fc - 2. Similarly, we wiU have sia^"^(5'(C7)+_B, [F%) = as soon 
as 2/ > dim(S) - fc - 1. ■ 



2.6. The cohomotopy Euler class of an element in K{B). Let x £ K{B) 
and consider a presentation {E,F) E x. The map oi^b,f) ■ S{E)-^b ~> Eg which 
sends the section +5 of S{E)+b to the infinity section of F^ and maps any point 
Ch G S{Eh) to Oh is an S'^-equivariant map of pointed spaces over _B, hence it defines 
an element {o,^e,f)} e s^(^BiS{E)+B,E+). 

One has a canonical isomorphism (see jCJj Proposition 12.40) 

Sia%{S{E)+B,F+) - sia^(B)(5(i?)+5(iJ),7r*(i^)+^)) , 

where tt : S{E) ~^ B is the obvious projection. Under this isomorphism the class 
{o{E,F)]} niaps to the equivariant Euler class of the bundle tt*{F) over S{E). This 
class is the pull-back of the equivariant Euler class '^{F) £ gia'^{B^B, Eg) of the 
bundle F under the projection S{E)_^^g(^B) ~^ B^b- 

For any morphism t = (i, j, Ei, Ei, k) : {E,F) {E',E') in the category T{x) 
one has t^,{{o{^e.f)\) — {o{E'.f')}- Therefore the assignment (E,F) ^ — {o(_e,_f)} 
defines a tautological element ^{x) £ a* (a;). This element will be called the equi- 
variant cohomotopy Euler class of x. 
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3. COHOMOTOPY INVARIANTS ASSOCIATED WITH CERTAIN NON-LINEAR MAPS 

BETWEEN HiLBERT BUNDLES 

3.1. The cylinder construction. Let {E, F) be a pair of Hermitian vector bun- 
dles over a compact basis B. Let V, W be Euclidean vector spaces, and let 
H : E X V ^ [F X W^]^ be an 5 ^-equi variant map over B. We suppose that n 
is fiberwise differentiable and its fiberwise differential is continuous on E xV. The 
equivariance property implies that 

fiiO"" X V) C [0^ X W]l . (10) 
We assume that fx has the following properties: 

PI: (properness) There exist positive constants c, C such that ||/(x(e,t;)|| > c 
for all pairs {e,v) G E xV with ||(e, v)\\ > C. 

P2: (restriction to the S^-fixed point set) 

(1) There exists a direct sum decomposition W = H ® Wq such that 

H{0^,v) = h{y) + l{v) ,\/yeB ,\/v€V , 

where I : V Wq C is a linear isomorphism, which does not 
depend on y, and h : B ^ H is a continuous map. 

(2) There exists £o > such that 

||%)|| = ||ph(/x(0^, ^;))|| > £0 V(y, v) e B x V . (11) 

We fix an orientation o of H, and set b := dim(iJ). Choose numbers R> C and 

e < min(c, Eo). The restriction /z_r of n to Dfi{E) x Dniy) satisfies 

||/z(e, v)\\>e V(e, v) e d [Dr{E) x Dn{V))] U [O^ x Dr{V)] . 
Therefore, defines an 5'^-equivariant morphism of pairs over B 
HR,, : {Dr{E) X DR{V),d[DR{E) x Dr{V)] U [0^ x Dr{V)]) 

{[F X W]+, [F X W]+ \ D,{F X W)) . 

The first space Dr{E) x Dr{V) of the pair on which hr^^ is defined can be regarded 
as a "cylinder bundle" over B, whose base is the complex disk bundle D{E); the 
second space of this pair is the union of the boundary of this cylinder bundle 
with the core 0^ x Dr{V). Using polar coordinates in Dr{E) we obtain a map 
S{E) X [0, R] Dr{E), hence a map 

p : S{E) X [0, R] X Dr{V) = S{E) x Dr{R (BV)^ Dr{E) x Dr{V) , 

which maps 

[S{E) X {0, R} X Dr{V)] U [S{E) X [0, R] x Sr{V)] = S{E) x 5i^(M ® V) 

onto the the second component of the pair on which jiR^^ is defined. Here we used 
suitable models D{R®V), S{R®V) for the disc and the sphere in MeF. Therefore, 
composing pR^^ with p we get an 5 ^-equi variant map of pairs over B 

{S{E) X [0,R] X Dr{V),S{E) X {{0,R} x Dr{V) U [0,R] x Sr{V))) = 
{S{E) X Dr{M e V), S{E) X 5fl(M V)) ^ ([F x W]+, [F x W]+ \ D,{F x W)) 
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which we denote by the same symbol iir,s- Collapsing fiberwise over B the second 
terms of the two pairs, and composing with the natural isomorphism 

'b [F X W]% \ De{F xW)-^ ^^^B ^ 
one gets an S'^-equivariant map of pointed spaces over B 

HR,e : ^ [^®V]+i^ ^^^^ ^ ^ S{E)+b/\b[Bx{^®V)]1 [F x W]^ . 

Using the isomorphism I : V ^ Wq and an orientation preserving isomorphism 
~ H, we obtain an element 

{(,}€s^al-\S{E)+B,F+) , 

which is obviously independent of the choice of the pair {R,e). This element will 
be called the cohomotopy invariant of fj,. 

3.2. General properties of the invariant {/x}. 

3.2.1. A vanishing property. Let fj, : E x V ^ [F x W]g he a, map satisfying PI, 
P2. 

Proposition 3.1. If ^J-\dc{e)xDc{v) nowhere vanishing, then {/i} = 0. 

Proof: We take e < inf{||^(e, w)]! | ||e|| < C, < C}, and we note that the 
{[F xW\^} / b{[F xW]%\b^{F X 1^)} -valued pointed map induced by tiR^e is 
fiberwise constant. ■ 

3.2.2. Honiotopy invariance. Let /x', i^" : E x V ^ [F x W]'^ two maps satisfying 
properties PI, P2 with constants C , c' , s'q, and C" , c" , Eq. We suppose that the 
property P2 of the two maps holds for the same decomposition W = H (£> Wq of 
W and for the same isomorphism I : V Wq. We introduce the notations 

B:=Bx[0,l], E:=Ex [0, 1] = p*s{E) , F := F x [0,1] = p%{E) . 

Proposition 3.2. Suppose there exists C > max(C",C") and a continuous S^- 
equivariant map jl : Dc{E) x DciV) [F x over B whose restriction to 

Dc{E) X Dc{V)\ U [o^ X Dc{V) 

is nowhere vanishing, and such that /i|t=o = A'lt=i = m"- Then {/u'} = {/x"} in 
s^a%-\S{E)+B,F+). 

Proof: The stable classes {/x'}, {/""} can be computed using the the cylinder 
Dc{E) X Dc{V) and taking 

e < min (4, 4', c', c", inf { y e d[Dc{E) x Dc{V)] U [0^ x Dc{V)]}) 

Applying the cylinder construction with parameters C, e to the map /i we obtain a 
homotopy between the corresponding representatives of the classes {fi'}, {fi"}. ■ 



COHOMOTOPY INVARIANTS 



21 



3.2.3. A product formula. Let Vi, Wi be Euclidean spaces , Ei, Fi Hermitian bun- 
dles over a compact base B (i — 1, 2) and fii : Ei x Vi [Fi x Wi]'^ S'^-equivariant 
maps over B satisfying the properties PI, P2 (1) of section [XT] with constants 
C, c. Let Wi = Hi (B Wo,i be the corresponding direct sum decompositions, and 
h '■ Vi Wo^i, hi : B Hi the maps given by P2 (1). Fix orientations on the Hi, 
and put 

V:^Vi® V2, W:=Wi(B W2, H := H^® H^, Wq := Wo,i ® Wo,2 , I := h (B h , 

and consider the bundles E :— Ei Q) E2, F Fi ® F2- We have a product map 

^x:ExV^[EixVi]®[E2X V2] [F x W]+ = [Fi x Wi]+g As [F2 x W2]t 

over B. This map satisfies properties PI, P2 (1) with the map 

h ^ (/ii,/i2) : B ^ H . 

Note that fj, will also satisfy P2 (2) as soon as one of the two maps fii, ^2 has 
this property. Suppose that /ii also satisfies property P2 (2) with constant Eq cind 
denote by 

{y.i)€s^aY\S{E^)+B.\Fi]l) 
the corresponding stable class. The map ^2 defines a map [i?2ffiV2]3 — » [^2ffiW^2]B 
hence a class G 5ia^([i?2]Bi [-P2]b)- One can then form the product 

{/ii} ^B {^l^} e s-a's' {S{e,)+b As [E2\+b,f+) . 

Consider now the contraction map ic : S{Ei © i?2)+_B S{Ei)+b A_b [E2]b intro- 
duced in section [231 (see formula ([3])). Using the identifications 

i^^^i = ''''^''%SniE2)-\E2\DniE2)' 
we can use as model for the contraction ic any map of the form ic^ given by 



iCfl(ei,e2) 



-ei,m.e2 



|ei| 

,+1 



Proposition 3.3. Under the above assumptions it holds {/i} — ic* ({/ii} As {^2^}) . 
Proof: The class {^} is represented by the map of pairs 
piR : {SiE) X [0, R] X x ([0, R] x U {0, R} x 15^(1^))) ^ 

— ' {[F X W^Ib , [F X W^Ib \ De{F x VF)) 

which is defined by 

A^fl(ei,e2,p,wi,W2) = [Aii(pei,i;i), ^2(^62, W2)] • 

The class ic* ({/^i} As {pt}) is represented by the map v'^ between the same pairs 
defined by 

'^R{ei,e2,p,vi,V2) 



Ml (PtTIT ^1 ,vi),fi2 (fHe2 , V2) 
ei 



Composing /xj,;, with the projection 



B [FxW]+\D,iFxW) 
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we obtain two maps 

mo , mi : SiE)x[0, R]xD^{V) — >< ^Ib/^ ^ ^ ^^^^ ^ [Fxiy] 

which map S{E) x ([0, ii] x Sr{V) U {0, i?} x -Dfl(F)) onto the infinity section in 
the right hand bundle. The natural homotopy between these maps is the map 

m : [0, 1] X S{E) x [0, R] x Dr{V) ^i^^ 

given by 

1 



'b [F X W]+ \ D,{F X W) 



m{t, 61,62, p,Vi,V2) = 



Ml P 



1-t + t- 



ei.Vi , p,2{[0- - t)p + m]62,V2) 



Claim: For any R > \f2C and sufficiently large 91 > it holds 

(1) the map m is well defined and continuous at the points {),,6\,62,p,v\,V2) 
with ei = 0. 

(2) the map m maps [0, 1] x S{E) x ([0, R\ x ^^(F) U {0, R} x Dr{V)) to the 
infinity section in the right hand bundle. 

In fact we show that for 62 S [E2]y, one has 

lim m(u) = oOy , 

U^itfi^^ ,e2,p,Vl,V2) 

so m maps the locus ei = to the infinity section. Let ?7i{ > be sufficiently small, 
such that ||/xi(ei,wi)|| > £0 for every {ei,vi) G Djj^{E\) x Dniyi). One has 

1 



lim 



l-t + t- 



ei 



pt . 



When pt < rjR, the first component of m{t, 6\, 62, p, vi, U2) will already have a norm 
larger that eq. When pt > ijr, we obtain (using ||ei||^ + ||e2|p = 1): 

lim \\[{l-t)p + t^R]e2\\ = (l-t)p + ilH>r?fi(7-l) + t9t>2v/^-r]fl , 

ei^O t 

which will be larger than R when 91 is sufficiently large. The second part of the claim 
is obvious for the spaces [0, 1] x S{E) x [0, R] x Sr{V), [0, 1] x S{E) x {0} x Dr{V). 
For p = Rwe obtain 

2 



1-t + t- 



1 



ei 



+ II [(1 - t)p + tm]62f > RW\eif + \\e2f) = R^> 2C^ 



so at least one of the two norms is > C. 



Using the claim, it follows that m descend to an homotopy between two repre- 
sentatives of the classes {/i} and ic* ({/ii} As {pt})- * 

An interesting case is the one when also p2 satisfies property P2 (2). In this case 
the cylinder construction applies to p2 and one can write 

{Pt} = d2{{p2}) , 

where {/U2} € s:ia^~"^(S'(S2)+s, [i^2]s) is the invariant associated with p2, and 82 
is the connecting morphism in the long exact sequence associated with the cofiber 
sequence 

S{E2)+B D{E2)+B [E2]l . 
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Let 2C : S{Ei E2)+b [Ei]]^ As S[E2)+b be the standard contraction. In this 
case, our multiplication formula becomes 

Corollary 3.4. Suppose that both maps fii, fi2 satisfy properties PI, P2. Then 

{/i} - IC* ({^i} Ab d2iM)) = 2C* (9l({/il}) Ab {/i2}) . 

Another corollary is obtained when /i2 is defined by a pair of linear isomorphisms 
E2 ^ F2, V2 W2- The corresponding formula will play an important role in the 
proof of the coherence Lemma [3 . 1 31 comparing the invariants associated to two finite 
dimensional approximations of an admissible bundle map between Hilbert bundles. 

Proposition 3.5. Let ji: ExV^FxW he a map satisfying the properties PI, 
P2 with constants C, c, Eq and maps I : V Wq, h : B H . Let a : E' F' 
be an isomorphism of complex vector bundles over B , and let h : V ^ W he an 
isomorphism of real vector spaces. Put E := E (B E' , F :~ F (B F' , V :— V (B V , 
W ■.= W®W', and define 

fi{e,e',v,v') = L[ti{e,v) Ab {a{e'),b{v'))] , 

where i is the obvious identification 

i : [F X W]% Ab{F' X W')^ -> [{F ® F') x {W (B W')]^ . 

Then 

(1) fl satisfies PI with constants C , 7 (for sufficiently small < 7 < cj, and 
P2 with constant Eq o,nd maps I :— I (B b, h :— h. 

(2) {fl} = T,({/i}), where r denotes the obvious morphism {E,F) — > {E,F). 

The second statement follows directly from Proposition 13. 31 The first statement 
(which is specific to the case when the second factor is a linear isomorphism) is 
proved as follows: Since the closed set ii~^{Dc{F x W)) is contained in the open disk 
Dc{E X V), there exists r > such that ||^(e, > c as soon as ||(e, > C — r. 
For a point {e,e',v,v') with || (e, e', w, t;')!! > C one has either ||(e,w)|| > C — r, or 
IKe'i'^OIl ^ ^- I'^ the first case one obtains ||/i(e, w)]! > c, whereas in the second we 
get II (a(e'), > c'r for a constant c'. ■ 

3.3. A class of non-linear maps between Hilbert bundles. Suppose now that 
V, W are real Hilbert spaces, and that £, T are complex Hilbert bundles over the 
compact basis B, and let /i : £ x V x W be a continuous S'^-equi variant map 
over B which is fiberwise C°°, and whose fiberwise derivatives are continuous on 
E xV . We assume that the fiberwise differentials 

dy := do„Mij =£yXV — > x W , y eB 

at the origins of the fibers x V are Frcdholm. The linear operator dy has the 
form dy = (6y,ly), where 5y : £y ^ Ty and : V — > W are defined by the 
derivatives of the restrictions x{o'^}' '^|{o^}xv ^o^e that the continuous family 
(5 {^y)yeB of complex Fredholm operators defines an element ind((5) e K{B). 
Let d: ExV^TxW the fiberwise linear map defined by the family of Fredholm 
operators {dy)y^B- We suppose that ^ also has the properties 

Vl: (properness) There exist positive constants c, C such that ||/i(e,u)|| > c 
for all pairs {e,v) € £ xV with ||(e,w)|| > C. 

V2: (behavior near the S^-fixed point set) 
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(1) W splits orthogonally as W = H(BWq, where is a finite dimensional 
subspace, and for every y E B one has 

lx{Q^,v) = h{y) + l{v) VyeS, V«eV, 

where I : V ^> Wq C W is a linear isometry, and /i is a map from B 
to iJ. 

In particular the operator ly coincides with I, so is independent of y. 

(2) There exists eo > such that for every y £ B one has 

\\h{y)\\ = \\vH{li{Ql,v))\\>eo ■ 

■p3: (linear+compactness) The difference fc /i — d is globally compact, in 
the sense that for every i? > the image k{Dfi{8 x V)) of the disk bundle 
Dfj{£ X V) is relatively compact in the total space J- x W. 
Note that one has the identity 

k{0'y,v) = h{y)eH ,\fy€B . (12) 

In the next section we will see that the left hand of the Seiberg-Witten equations on 
a 4- manifold M defines a map satisfying properties Vi - Vs. A different construction 
of such a map can be found in [BF| . 

3.4. The Seiberg-Witten map in dimension 4. Let M be closed oriented 4- 
manifold, and let L be a Hermitian line bundle on M. We fix the following data: 

(1) A closed complement S of the closed subspace iB^^{M) = d{iA'^{M)) of 
iA^{M). 

(2) A closed complement V of the finite dimensional space 

ffli S'nker(d : iA\M) -> iA^{M)) ~ iH\M,R) 

in S 

(3) A complement ffl^ of d{iA'^{M)) in ker(d : iA^iM) iA^{M)). This 
complement will come with an isomorphism iM^ ~ iH'^{AI,M.). 

(4) An affine subspace A of the space of connections A{L) modeled after S. 
Therefore, ^ is a slice to the orbits of the right action of the gauge group Q on 

the space of connections: 

a ■ g := a + 2g^^dg 

The quotient A := A/V is an affine space modeled after iH^{M,R). Consider 
the finite dimensional Lie group 

G := {ueC°^{M,S^)\ u-^^dueS} . 

One has an obvious short exact sequence 

{1} — > — > G-^ 2TriHHM;Z) — > {1} , 

where A is defined by it [M^^dujDR- The choice of a point xq G M defines a left 
splitting eva;„ : G ^ whose kernel is isomorphic to 2TTiH^{M; Z) and which will 
be denoted by Gx„- In the affine space A we have a natural iH^-invariant (hence 
Gajp-invariant) subset defined by 

Aa := {a e A\ Fa e iM^} . 

The curvature Fag of a connection qq G Aq is independent of oq, because it coincides 
with the representative in iM"^ of the de Rham class — 27ricf ^(L); this 2-form will be 
denoted by Fq. Note that is a G^^o -invariant complete system of representatives 
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for the quotient A = A/V. The space A/Gxq can be regarded as an afBne bundle 
over the torus 

which is naturally a iH^{X; R) / 4:^01^ {X; Z)-torsor. The fibers of the afBne bundle 

TT : A/Gx, Pic(L) 

arc affine V-spaccs. Since the quotient Aa/Gx„ is a section of this affine bundle, 
we can regard it as a V-vector bundle over Pic(L) with Ao/G^q as zero section. 
This vector bundle is actually trivial: indeed, the map {ao,v) i— > ao + v G A is 
GxQ-eQuivariant, and it descends to a trivialization Pic(L) x V — > A/G^o- 

Remark 3.6. Choosing a Riemannian metric g on M gives canonical choices for 

the three objects S, T, iH^ above, namely 

S = ker(d* : iA^{M) — > iA°{M)) , V := d*{iA^{M)) , ffl^ = iH^ , 

where the subscript g on the right denotes the respective g-harmonic space. With 
these choices, Ao is just the the set of g- Yang-Mills connections in the slice A. 

Let g he a, Riemannian metric on M, c e Spin'^{M) an equivalence class of 
6'pm'^-structures, and let t : Q Pg be a S'pin^-structure on M representing the 
class c . Denote by S^, S := © S" the spinor bundles of r, L = det(5]^) the 
determinant line bundle, and 7 : ^ Endo(S) the Clifford map [OT]. Note that 
the gauge group Aut((3) of Q acts on the space of 5'pin'^-structures t : Q ^ Pg 
representing c (or, equivalently, on the space of Clifford maps 7 : ^ Endo(5]) 
which are compatible with c). Therefore, the space of Spin'^-DivB.c operators which 
are compatible with the pair [g, c) has a very complicated topology. Note that, for 
the construction of a Dirac operator one needs a concrete S'pm'^-structure r (or, 
equivalently, a concrete Clifford map 7), not only an equivalence class c. 

The gauge group Q and its subgroup G^o act from the left on the vector spaces 
of sections A'^(Tr^) by the formula 

(<7, 5-1* . 

Since G^o acts freely on the affine quotient space A we get two flat vector bundles 
Ay-G^fjA^iY^"^) overPic(L) with standard fibers A'^(S='=). In order to use our general 
formalism we make the following definitions: 

B := Pic(L) ,£:=AxG^^ A°(S+) , T:=Axg^^ , W := iAl{M) . 

Let K : B ^ iH+ be a smooth map. The K-twisted Seiberg-Witten map is the 
map from A°{T.+) x A to x iA\ given by 

(*, a) ^ (0,*, (Fa -Fo + K{TT{a)))+ - ^-\{^>^)„) . 

Via the identification B xV = AjG^a this map descends to an S'^-equivariant map 

sw^ : f X V — * T xy\J . 

The restriction of sw^ to the fiber over y = [ao] G S is given by the formula 

sw«(*, v) = Ut)a^^ + , d+v + K{y) - 7-i((**)o j • 
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The linearization of this map at the zero section in the bundle £ x V over B is 
a fiberwise linear bundle map given by 

over the fiber [oo] G B. Hence sWk, decomposes as 

sw^ = d + , 

where is the sum of a quadratic map c and the fiberwise constant map defined 
by K. Denote by Wr the expected dimension of the Seiberg-Witten moduli space 
corresponding to r: 

Wr ^(ci(L)2 - 3cr(Af) - 2e(Af)) 

We define Sobolev L^-completions of the spaces V, W in the usual way. The 
construction of Sobolev norms on the bundles £, T is more delicate, because these 
bundles are quotients with respect to the group Gxq , which does not operate by 
i|-isometriec|. For a point y = [oq] € B (with ao G ^o) one identifies the fibers 
£y, J-y with {ao} x A^iYr^) and uses the covariant derivatives associated with Vao 
to define the L^-norm on Ey. A gauge transformation g G Gxg defines an isometry 
{ao} X {ao • g} x ^"(E^), so in this way one obtains a well defined 

Sobolev norm on the fiber £y. 

Lemma 3.7. With respect to suitable Sobolev completions, the following holds: 

(1) sWf^ is smooth. 

(2) The fiberwise linear map d is fiberwise Fredholm of index Wt — hi + 1, and 
C[3 is a compact map. 

(3) There exists positive constants c, C such that 

\\{^,v)\\>C^\\swA'^,v)\\ >c. 

(4) The map Ck — swk, — d is compact. 

Therefore the Seiberg-Witten map sw^ satisfies always the properties 'PI, 7^2 
(1) and Vi in section It also satisfies 7^2 (2) for all maps k : B iW^ \ {0}. 

The first and the third statements in the lemma are easy to see. The crucial 
properness assertion (2) is stated in [Ful| . [Fu2j . A proof of the analogue statement 
for another version of the Seiberg-Witten map can be found in [BFj . A detailed 
proof for our version, and an analogue properness property in a different gauge 
theoretic context can be found in B . Similar methods can be also used to treat 
the 3-dimensional Casson-Seiberg-Witten theory. 

The universal Seiberg-Witten map: With the notations introduced above we 
fix the parameters {g, k, c, Q) on M . As we explained above, the family of Dirac op- 
erators 5 {0ao)[ao]eB (and implicitly the Seiberg-Witten map sWk) still depends 
on the choice of a S'pin'^-structure t : Q Pg in the class c. This parameter varies 
in the space F := HomM(Q, Pg ) of equivariant bundle morphisms Q ^ Pg covering 
idM- Since this space has a complicated topology, and our purpose is to construct 
an invariant which is intrinsically and canonically associated with the base mani- 
fold, it is important to understand how the objects {£,J^,S,sWk) associated with 
different bundle morphisms r should be identified. A construction which has been 



We are grateful to Markus Bader for pointing out this subtility to us. 
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presented by Furuta in his talk at the Postnikov Memorial Conference }Fu3| solves 
this problem in an elegant wajfl: 

One has a universal family (0o)(T,a)6rx^(L) of Dirac operators, which is intrinsi- 
cally associated with the system {g, k, c, Q). An automorphism / G Aut((5) defines 
automorphisms f± of and an automorphism det(/) e Aut(L); the relation 
between the Dirac operators associated with r and r' :~ t o f is 

0dlt(/).(a)=/r'°0a°/+- 

The group Aut((5) acts transitively with constant stabilizer Q C Aut(Q) on F, 
and acts with constant stabilizer on the product F x A{L). Now fix a Spin'^{A)- 
equivariant map 9 : Qx„ Pg.xo i ^-nd put 

Fo := {r e F, t,„ = 9} , kui{Q)e {/ G Aut(g)| o = 0} , 

Aut(Q)o := {/ e Aut(Q)| = idQ^.J . 

The quotient Aut(Q)0/Aut(Q)o can be identified with . 

The universal family (0a)(T,a)6rx^(L) of Dirac operators descends to a a family 
: E ^ F on the free quotient 

By choosing an element r G Fq one obtains an identification B ~ A{L) jQxa : where 
QxQ acts by the formula {a- g) = a + 2g~~^dg, but the identification is not canonical. 
The free action of V := d* {iA'^{M)) on the second factor A{L) by translations 
induces a free action on B, and the quotient B with respect to this action is a 
fei-dimensional torus. The space of pairs (r, a) with a Yang-Mills defines a section 
Bo of the V-bundle M ^ B, which therefore becomes a trivial vector bundle with 
fiber V. One can construct a "universal" Seiberg-Witten map sw^ over B using the 
space Fq x x A{L) as space of configurations, and Aut(Q)o as gauge group; 

this map is intrinsically associated with the system (g, k, c, Q, 0). The important 
point in this construction is that restricting the universal family to the torus 
Bq ~ -B one obtains a "universal Segal cocycle" : £ ^ !F representing the K- 
theory element x — ind(0). Furuta showed that the corresponding spectrum is 
independent of the choice of 0, up to homotopy. On can apply the construction in 
[BFj and get - for manifolds with 6+ > 2 and arbitrary 6i - a well defined Bauer- 
Furuta invariant belonging to a homotopy group which is functorial with respect 
to diffeomorphisms. 

As we explained in the introduction (see section Fl.ip . we believe that for some 
applications it is useful to have invariants belonging to groups which are topologically 
functorial, as it is the case in classical Seiberg-Witten and Donaldson theories. 

3.5. Finite dimensional approximation. We will need the following simple geo- 
metric construction. Let ^ be a (real or complex) Hilbert space, and A d A a finite 
dimensional subspace. Following [BFj we introduce, for every e > the retraction 

Pe,A ■■ A+ \ S,{A^) ^ A+ 



Furuta explained the details of this construction in an e-mail to the second author, and 
informed us that similar ideas have been used before. 
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in the following way. For every a G A \ {0} put 

Se,a-- 2||„||2 , C,,a - S,.aa , r,,a ■- ' 

Let Se^a C Ma + be the hypersphere of Ra + A-^ defined by the equation 

\\b-c,,ar + \wr^ri, . 

The hypersphere S^^a has the properties 

aeS,.a , S,{A^)cS,,a ■ 

Consider also the spherical calotte: 

C.a {ta + a' e S.J t > 0} C S,,a ■ 

Denote by C^.oo C [^^]^ the exterior of the sphere Se{A^) C A-^ (including oo), 
and by C^^o its interior. Now note that 

^e,A -.^ {C,,a\ a e A+} 

is a foliation of A'^ \ S£{A^) with closed leaves; the leaves are all diffeomorphic to 
the standard disk of A^. The retraction pe^A assigns the point a G A~^ to any point 
of the leaf Ce^a C A'^. Note that for any z ^ A one has the implication 

{zeA+\ S,{A^), \\z\\ > e) ^ \\Pe.A{z)\\ > \\z\\ (13) 

(equality is obtained when ||2:|| = e or z G A). A second important property of the 
retraction p^ j^ is 

zeA\A^=^ {pe,A{z) = Xe.zPA{z) with A,,^ > l) . (14) 

Any M-linear isometry u of ^ which leaves the subspace A invariant will also 
leave invariant the foliation T^^ a- Therefore 

Remark 3.8. Pe,A is equivariant with respect to any R-linear isometry of A which 
leaves the subspace A invariant. 

These retractions play a fundamental role in the following construction of finite 
dimensional approximations. This construction is a refinement of the one developed 
in |BF| . The main difference is that we have to work over a base B, and that we 
treat the real and complex summands separately. 

Consider again an S'^-equivariant map p: ExV^J-xW over B satisfying the 
properties PI, V2, VS of section 1531 Recall from section [531 that we denoted by 
d the linearization of p at the 0-section and by S and / the complex and the real 
components of d. We have assumed that the M-linear operator I induces an isometry 
V Wo. A finite rank subbundle F <Z T will be called admissible if it is mapped 
surjectively onto the linear space defined by the family of cokernels (coker((5j^))j^gB. 
A finite dimensional subspace W GW will be called admissible if it contains H . A 
pair [F, W) will be called admissible if F and W are both admissible; in this case, 
for every y G B the product Fj, x is mapped surjectively onto coker(dj,). 

For every admissible pair tt = {F, W) the preimage d~^{F x W) is a finite rank 
subbundle of £ x V which splits as 



d-^{F xW)^ 5-^{F) X 1-^{W) 
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We denote by Wq the orthogonal complement of H inW, and put V := I ^ (W) = 
l-\Wo), E 5-^{F) C E. The pair [E,F) represents ind((5) e K{B). We get 
topological orthogonal direct sum decompositions 

j:=F®F^ , £ = E®E^ , W = W = H ®Wo®W^ , V = V . 

The product F x Vl^ is a finite dimensional Hilbert subbundle of x W whose 
orthogonal complement is x W-^. The retraction 

Pe,Fy.W ■■ X >V]+ \ S,{F^ X W^) [F X W]^ 

is defined fiberwise. We will see that, for sufficiently small £ > and sufficiently 
large admissible pairs tt — (F, ly), the image of the restriction ij.\exv does not 
intersect S^{F-^ x W^-*-). Therefore we can define a map 

fie,„ {pe.FxW ° P}\exV ■ E X V > [F X W]+ , 

which belongs to the class studied in section 13.11 Such a map will be called a finite 
dimensional approximation of fj,. The result we need is very much similar to the 
first part of Lemma 2.3 in [BFj . We know that the preimage ^~^{Dc{T x W)) is 
contained in the disk bundle DciS x V) C Dc{£) x Dc{V). The image k{Dc{£) x 
Dciy)) is relatively compact in the total space T x W, because k is compact by 
property Vi. Now fix 77 > 0. 

Definition 3.9. A pair vr :— (F, W) is called rj-admissible if it is admissible, and 
any element of the compact set k{Dc{£) x Dciy)) is rj-close to an element in 
F X W belonging to the same fiber. 

Lemma 3.10. Let K G xW a compact set, F a finite rank subbundle of T , and 
W a finite dimensional subspace ofW. The following conditions are equivalent: 

(1) Any point k £ K is rj-close to a point of F xW belonging to the same fiber. 

(2) There exists a finite system (0i, . . . ,(f)k) of sections of F and a finite system 
{wi, . . . ,Wk) of vectors of W such that 

Kc y B{{My),w,),v) ■ 

yeB, l<i<k 

Proof: The implication (2) ^ (1) is obvious. For the second it is convenient to 
introduce the notation 

B{{<j),w),v) := y B((0(y),u.),77) , 

yeB 

for a section (j) e T{!F) and a vector w € W. If K satisfies (1) then it is con- 
tained in the union of open sets U,j,er{F),wewB{{(l),w),ri). It suffices now to use 
the compactness of A'. ■ 

Corollary 3.11. The set of pairs {F, W) satisfying the r]- admissibility condition is 
non-empty, open and cofinal. 

Proof: Since K :— k{Dc{£) x Dc{V)) is compact in x W there exists finite 
systems = (01, ... , (j)k) £ r(J^)'^, w = {wi, . . . Wk) € W*'' such that 

K (z\jB{i^,,w,),7^). (15) 

i 

Now fix an admissible pair {Fq, Wq). Since has infinite rank, it is easy to see that 
any neighborhood of contains a system cf)' which is in general position with respect 
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to Fo in the following sense: for every point y E B the system (j)'{y) is linearly 
independent in Ty, and {(f>'{y)) HFq.j, — {Oy}- Since the condition (fT5|) is obviously 
open with respect to the pair {4>,w), we can choose such a system (f>' which still 
satisfies ([T5|) and is in general position with respect to Fq. We denote by F' the rank 
/c-subbundle generated by 0', and we put F := Fq ® F' and W := Wq + {wi , . . .Wk)- 
To prove that ?7-admissibility is open, note that admissibility is open, and use 
Lemma 13.101 to prove that the second condition in the definition of ?7-admissibility 
is also open. Finally, to see that the set of ry-admissible pairs is cofinal, we fix an 
7y-admissible pair {Fq, Wq). For an arbitary pair (F, W) consider a small deforma- 
tion Fg of Fq for which {Fq,W) is still ry-admissible and such that Fq is fiberwise 
transversal to F. Then (F©Fq, VF + Ty) will be an ry-admissible pair which contains 

iF,w). m 

Lemma 3.12. (Finite dimensional approximations) Let < 77 < |. Then 

(1) For any admissible pair tt = (F, W) one has 

ini(/i|Bxy)n5,(F^ x W^^) = , 
so the finite dimensional approximation 

Aic.TT := {(Pc^Fxw) o MlUxy ■■ E xV — > (F x W)g 
is defined. 

(2) The restriction tJ-c.Tr\DciE)xDc{v) tok^-^ values in F x W . 

(3) For any rj-admissihle pair n = (F, W) the finite dimensional approximation 
fic,TT satisfies the conditions PI, P2 (see section \3.1\) with the same con- 
stants C , c, Eq, isometry Z : V — > Wo C W and the same map h : B ^ H 
as fi. 

Proof: 1. If the intersection ini {f^\Exv) ^ Sc{F-^ © W-^) was not empty, there 
would exist a point {e,v) e E x V such that fJ,{e,v) e 5c(F-'- x W^). Since 
Sc{F^ X W^) C DciT X W), it follows {e,v) e Dc{£) x Dc{V). Therefore 

/i(e, v) = die, v) + k{e, v) e F x Wq + k{Dc{£) x Dc{V)) . 

But any element in the second set k{Dc{£) x DciV)) is 77-close to an element in 
F xW by assumption, so /i(e, v) is Ty-close to F x W. Since 77 < |, this contradicts 

^iie,v) e SciF^QW^). 

2. The same argument shows that ^{Dc{E) x Dc{V)) does not intersect the 
complement of Dc{F^ W^) in F^ W^. 

3. We have to check that, for an 77-admissible pair tt — {F,W), the finite di- 
mensional approximation ^c,-n has the two properties PI, P2 in section [3. II For a 
point {e,v) & E X V with ||(e,w)|| > C it holds ||^(e,w)|| > c so, by (fT3)) . we have 

\\Pc,Fy.w{p-{R,v))\\ > ||^(e,t;)|| > c . (16) 

On the other hand, for any y B, v V one has /i(0^, v) — h{y) + l{y) E {0^} x W, 
hence 

tJ-c,7,{0y, v) = PcFxwiKOy, v)) = n{Oy, v) = h{y) + l{v) . 
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3.6. Compatibility properties. 

Lemma 3.13. ( Coherence Lemma) Let < rj < j, let tt ^ {F, W), tt — {F, W) be 
two rj- admissible pairs with tt C tt, and let F' , W' be the orthogonal complements 
of F, W in F, W respectively. The map 



fJ-c 



o {PE,PV)] Ai3 [(PF',PH") o (<5,Z)]+} : E X V ^ [F X W] + 



satisfies properties PI, P2 with constants C, 7 (for a sufficiently small 7 with 
< 7 < cj, £oj O'f^d one has {/ic,*} — {Mc.u-,*}- 



Proof: The first statement follows from Proposition 13.51 We use the same 
method as in the proof of Lemma 2.3 in |BF] to construct a homotopy between 
the restriction of the two maps to the product Dc{E) x Dc{V) and we will apply 
the homotopy invariance property of our invariant (see Proposition 13. 2p . The main 
difference compared to |BF| is that we have to control the restriction to the S'^-fixcd 
point set, but we do not need an extension of the homotopy to the whole E x V . 
For completeness we include detailed arguments adapted to our situation. 

Proof: Denote by £", V' the orthogonal complements of E, V in i?, V . We define 
the map 



H : [0,4] X [Dc{E) x Dc{V)]- 
by the formula 



[TxW]\ F^ xW^\ bc{F^ X W^) (17) 



d + [{1 — t) idjfTxw + t pfxw] ° k for < t < 1 

d + pfxw ° ko [{2 - t) idj^^y + {t - 1) pexv] for 1 < t < 2 

Pfxw ° k opFxv + [d— {t — 2) pfxw o dopF'xv] for 2<t<3 

Pf'xw °d+[{A-t) pfxw + it-3) Pc,Fxw]° li°PExv for 3<t<4 



Claim: H is a well defined, continuous, S^-equivariant map over B. 
This follows from: 

a) For a point it,e,v) £ [0,4] x Dc{E) x DdV), the term pc,Fxw{lJ'{PExvie,v))) 
is finite, so the convex combination in the fourth branch is defined and finite. 

Indeed, recall that the retraction Pc^pxw is finite on the complement of the leaf 
[F-L X W-^] \ Dc{ F^ X W^). Therefore it suffices to note that k{Dc{£) x Dc{V)) 
is 7y-close to F x and d{E x V) C F x W, so the point fi{pExv{s,v)) is jy-close 
to FxW for {i,v) G Dc{E) x Dc{V). Therefore 

^i{pExv{e,v)) ^ [F^ X W^]\Da{ F^ x W^) . 

b) The formulae given for the four components of H agree on the intersections of 
their domains. 

c) H takes values in [J' xW]\ F^ xW-^\ DdF^ x W^) 

Indeed, for {t,e,v) G [0,4] x Dc{E) x Dc{V) we see as in the proof of a) that 
the right hand term of Ht must be 77-close to F x W, so H{[0, 4] x Dc{E) x Dc{V)) 
avoids [F-L x W^] \Dci F-^ xW^). 



^The third branch of the homotopy was omitted in [BFJ . 
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The map H has the foUowing properties: 

(1) -ffo coincides with the restriction M|£)p(£;)xDc(V')- 

(2) _ff4 coincides with the map /Zc,ir,# composed with the inclusion F y. W ^ 

(3) One has 

ilt(0f , v) = h{y) + , \ft e [0, 4] WyeB \fv £ Dc{V) . (18) 

Formula (fT8|) follows from (fT2|) and the fact that / is an isometry, so it 
commutes with orthogonal projections. 

(4) H{[0, 4] X d{Dc{E) x Dc{V)) n [F^ x W^] = 0. 

Indeed, for (g, e d{Dc{E) x L'cCV")) we get ||7fo(e,u)|| = ||A*(e,w)|| > 
c, whereas ||/i(e, w)|| is ?7-close to F xW (Z F x W . Moreover, for t £ [0, 1] 
it holds \\Ht{e,v) — Ho{e,v)\\ = t\\{pp±y,w± o k){e,v)\\ < rj. For t > 2 we 
have 

Pf'xw o ht = pf'xw ° d , 

so Ht{e,v) can belong to P-^ x W-^ only when pf'xW ° d{e,v) — 0, i.e. 
when (e, v) £ E x V. For such a pair we find 

Ht{e,v) = {d + pFxw°k)(e,v) = ^(e,w) - (pf^xw-l ° k){e,v) Vt G [1,3] , 

Ht{e,v) £ [p_Fxiv(Ai(e,«)),Pc,F(A*(e,'5))] £ [3,4] , 

so Ht{e,v) is a non- vanishing vector of x (more precisely a positive 
multiple of pFxw(M(e,w)) = f^{e,v) — {pp^xw-^ °k){e,v)) for any t e [1,4]. 
These properties have the following important consequence: 

Remark: The composition pc.% o H is nowhere vanishing on the space 



[0,4] X |a [Dc{E) X Dc{V) 



0^ X t/ 



This follows from the fact that the vanishing locus of the retraction pc,# is the leaf 
bc{F^ X W^) C F^ X W^. On the other hand we have 

Pc,TT ° E[^) = Pc,tt\dc(E)xDc(V) ' /'c.-S- o ^^4 = Mc.TT,* |cc(_E)x_Dc(V') 

It suffices now to apply Proposition 13.21 ■ 
Using Proposition 13.51 and Lemma [3. 131 we obtain 

Corollary 3.14. Let ^:£xV^J-xW be an -equivariant map over a compact 
CW complex B satisfying VI, V2, Vi, and let < rj < |. Fix an orientation o of 
the finite dimensional summand HofW. The elements 

{ficA^ s^»b'\S{E)+b,F+) 

associated with rj-admissihle pairs tt = (i^, W) define a unique class 

{fi} £ a''-\mdiS)) 

which depends only on the map fi and the orientation o. 
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In particular, using finite dimensional approximations associated with constants 
C > C and < c' < c (and parameter < 77 < one obtains the same class. 

Proof: Let tt = {F,W), tti = [Fi.Wi) two 77-admissible pairs. By Lemma [3.131 
we can identify the images of the classes /ic,7r, Mc,7ri in Q;^~^(ind((5)) under the 
assumption tt C tti . The problem is to reduce the general case to this situation. 

By Corollary 13 . 1 II we know that 77-admissibility of tt is an open condition, i.e. it 
is stable under small deformations. On the other hand, by the homotopy property 
Proposition l3.21 the image of the class /ic,ir in the group a^^^ (ind((5)) is stable under 
small deormations of tt. Hence it suffices to consider a generic small deformation 
F' of the subbundle F C T which is fiberwise transversal to Fi, such that {F', W) 
is still ?7-admissible. Then we can put F := F'©Fi, W := W + Wi and apply twice 
the compatibility Lemma 13.131 

■ 

Proposition 3.15. Suppose that the restriction tJ-\Dc{S)xDc{V) nowhere vanish- 
ing. Then {fi} — 0. 

Proof: Since ^J'\Dc{S)xDc{v) is nowhere vanishing, it is easy to see that there 
exists 7 > such that ||/i(e, ti)|| > 7 for every (e, w) S Dc{£)y.Dc(V). Indeed, if not 
there would exist a sequence (e„, w„) S Dc{£) x Dc{V) such that ||^(e„, w„)|| 0. 
Let K G T y-W he a. compact subspace which contains k{Dc{£) x Dc{V)). Since 
d = (5,1) is a continuous family of Fredholm operators, it follows that d^^{K) n 
[Dc{£) X Dc{V)] is compact. Therefore (e„,t;„)„ admits a subsequence which 
converges in this intersection. The limit will be a vanishing point of fi, which 
contradicts the assumption. 

Use now the constant c' := min(7, c) (instead of c) in the construction of the 
finite dimensional approximations of /i. The obtained maps fic' ,Tr are nowhere van- 
ishing on Dc{E) X Dc{V), and our assertion follows from the vanishing property 
Proposition 13.11 proved in the finite dimensional case. ■ 

4. Fundamental properties of the cohomotopy invariants 
4.1. The Hurewicz image of the cohomotopy invariant. 

4.1.1. The relative Hurewicz morphism. Let _B be a compact space, and let E, 
F be Hermitian bundles of ranks e, / over B. Let k be an integer and u e 
5ia^(S'(£^)+B, Fj^) a stable class. Suppose for simplicity fc > 0. Consider a repre- 
sentative 

if : S{E)+B /\B ^ F+ Ab [K'^]+ a ^+ 
of this stable class, where £, = ri®S,o is the direct sum of a complex vector bundle 77 
and a real vector bundle ^o- We may suppose that the real summand ^0 of ^ is ori- 
entable. We choose an orientation of ^0; in this way all our bundles become oriented 
bundles. The space S{E)^b Ab £,b can be identified with the fiberwise quotient 
{S{E) Xg ^b}/ b{S{E) Xb 00^}. Composing ip with the canonical projection one 
obtains a map of pairs over B 

0:{S{E) XB^^,S{E) XBOOj)^ ([F®l'=ee]s>«^We?) • 
Consider now the projection tt : ¥(E) B and the following bundles over P(£'): 
F:=7r*(F)(l) , ^ '.^ n* {rj){l) ® n* {^o) ■ 
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The map (p descends to a morphism of pointed sphere bundles over P(£') 

Denote by s the real rank of ^. Let 

t| e i/^dp^^p oo|;Z) , t^^jgfc^^- e © R*'' © oo^gj^fc^i; Z) 

be the Thorn classes of the oriented bundles \, © R*^ © ^. The formula 

^*^^F®9^®i) ^ PiP(£;)('*v) U t| 

defines a cohomology class h^p g H'^S^^ ^{E) ; Z) which is independent of the chosen 
orientation of and of the representative Lp of the stable class u. For fc < one 
has a similar construction, but uses a [R"*"']^ factor on the left side. 
The assignment u = [(^] i— > h(p defines a morphism 

which we call the relative Hurewicz morphism over B. 

Denote by g : ^ P{E) the bundle projection, and by (p the section in the 
pull-back [q*{F © E*^ © ^)]'~ over | defined by p. Since the vanishing locus Z{ip) 
of this section is compact, one can define its localized Euler class class [ip] € 
Hd+2e~2~2f-k{^; Z) , which coincides with the fundamental class [^'(1^9)] of the com- 
pact oriented submanifold [.^('y?')] when p is smooth and transversal to the zero 
section |Br| . 

Remark 4.1. (The geometric interpretation of the Hurewicz morphism) Suppose 
that B is an oriented n-dimensional compact manifold. Then 

where 

i* : Hn+2e-2-2f-k{P{E);Z) iJ„+2e-2-2/-fc ; Z) . 

is the isomorphism induced by the zero section of^. If p is smooth and transversal 
to the zero section, then 

PDr(E){h{u)) = [ur\[zm) . 

Proof: The localized Euler class [1^] G Hn+2e-2-2f -k{^\ Z) is defined as the cap 
product <<5*(t^,^^^j|fcgg|j) n [^], where stands for the fundamental class of ^ in 
cohomology with compact supports [Br]. We get 

[v\ ■■= <y5*(t,.(^eR'=©|)) n K] = ^*i^FmW'm) n Kl = [p;(£)(/i(")) U t|] n [i\ = 

■ 

Let V — {i, El) : E E' be a morphism in the category Ub of complex vector 
bundles over B (see section [231) . Such a morphism induces an isomorphism E' = 
E (B El. The complement F{E') \ P(-Ei) can be identified with the total space of 
the complex vector bundle 7r*(£'i)(l) F{E). Multiplication with the Thom class 
t7r*(£;i)(i) defines a morphism 

H*{P{E);Z) ^ i/*+2'=n'r*(i?i)(ltf(i;),cx3,*(Bi)(i);^) = 
^ H*+^'''iJP{E'),P{Ei);Z) — > iJ*+2'^i(P(£;');Z) , 
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which will be denoted by a^. 

Now fix an element x S K{B). A morphism r = (i, j; Ei, FiJ) : {E,F) {E',F') 
in the category T{x) defines morphisms 

ci{r^E,) ■■ H^^+''{F{E)-Z) H^f'+^{¥{E')]Z) , 

P{t), : HkiF{E);Z) ^ i/fc(P(i;'); Z) . 
For an integer fc G Z we define 

ij''(a;;Z) lim H^f'+''{P{E)-Z) , Hk{x;Z) := \im Hk{f{E)-Z) . 

{E,F)Gx (E.F)ex 

Using the same methods as in sections 12.11 12.31 (stabilizing first with respect to 
trivial bundle enlargements) we see that these inductive limits exist in Ab. 

Remark 4.2. (1) One has H^{x;Z) = H^{B;Z) ®Z[t\. 

(2) For a compact n- dimensional CW complex B there exist isomorphisms 

H\x-Z)^ H%B;Z) , 

max(0,fc-2t(2;)+2)<s<n 

where l{x) gZ is the index ofx. In particular, putting n{x) := 2t(x) — 2 + n, 
one has ir"(^)(a;;Z) = H"{B;Z). 

The integer n{x) :— 2l{x) — 2 + n will be called the dimension of the formal 
projectivization of x. 

Remark 4.3. Suppose that B is a compact connected oriented manifold of dimen- 
sion n. The system of Poincare duality isomorphisms PZ?p(£) defines isomorphisms 

PD,:H''{x;Z)^ iJ„(,)_fe(x; Z) . 

Remark 4.4. The system of Hurewicz morphisms 

h : s^a%{S{E)+B,F+) ^ H'f+'^{P{Ey,Z) 

defines a morphisms of graded groups h^ '■ a*{x) H*{x; Z). If B is a compact con- 
nected oriented manifold, one also gets a morphism PD^ o h^ '■ a*{x) —>■ H^{x;Z), 
which we call the homological Hurewicz morphism. 

The result below has the following important consequence: for a moduli problem 
with vanishing "expected dimension" , the cohomotopy invariant yields the same 
information as the classical (co) homological invariant. Recall that our cohomo- 
topy invariant {fj,} associated with a map satisfying properties VI - Vi belongs to 
a^'^^{x), where x :— ind((5), h :— dim(iJ) (see section [3. 3p . The expected dimension 
w{fj,) := 2l{x) + dini(i?) — & — 1 of the moduli problem associated with fi vanishes 
if and only if 6 — 1 = n{x). 

Proposition 4.5. Suppose that B is a finite CW complex of dimension n. Then 
the Hurewicz morphism 

f^n{x) . ^n{x)^^^ _^ i?"(^)(a;;Z) = H'\B;Z) . 
is an isomorphism. 
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Proof: Suppose n{x) > for simplicity. Fix a stabilizing bundle ^. Using the 
same method and the same notations as in section 14.1.11 we see that the set 

can be identified with the set of pointed bundle maps 

over ¥{E). The latter set can be identified with iJ<i™««^)(P(£;); Z) = iJ"(B;Z) 
by Proposition 15.151 via the map cp i—^ h^p. The obtained bijections 

are compatible with morphisms ^ — > ^' in the category Cb and with morphisms 
(E.F) {E',F') in the category T{x). Therefore we get a bijection a"'^)(a;) 
H"'{B; Z), which coincides with the Hurewicz map by the definition. ■ 

4.1.2. A comparison theorem. The main result of this section states: the virtual 
fundamental class of the moduli space of solutions associated with a map fi satis- 
fying properties VI, V2, V2> can be identified with the image of the cohomotopy 
invariant under the homological Hurewicz map. Applied to Seiberg-Witten theory, 
this implies that the full Seiberg-Witten type invariant coincides with the Hurewicz 
image of the cohomotopy Seiberg-Witten invariant. 

We begin with the finite dimensional case. Let -B be a compact oriented manifold, 
p : E ^ B, q : F ^ B Hermitian bundles over B, let V, W be Euclidean spaces, 
and let ^ : E xV [F X W]'^ be an S'^-equi variant map over B satisfying properties 
PI, P2 of section [3T] The invariant {//} e s^a''g^iS{E)+B,F^) is defined by a 
map of pairs 

(SiE) X DjiiR © 1/), S{E) X SniR © V)) ^([F x W] + , [F x W]+ \ b,{F x W)) 

induced by the restriction ^r^^ : Db.{E) x Db.{V) — > (i^ x W)g of /i to a sufficiently 
large cylinder Db{E) x Db{V). The vanishing locus of ^ (regarded as section in the 
bundle {p*{F) x V) x W E x V) is an 5^-invariant compact space contained in 
the open subspace Dr{E) x [0^ x bE)r{V)] of the cylinder. Its S'^-quotient 

can be identified with the vanishing locus of the section induced by on 
the S'l-quotient P(£') x Db{R © V) of S{E) x Db{R © V). Using Remark O one 
obtains 

Corollary 4.6. Suppose that B is a compact oriented manifold. Via the isomor- 
phism iJ,(P(£') xDb.{R®V);Z) o:^ iJ,(P(£');Z) the Pomcare dual PDp^E){h{{fi})) 
coincides with the virtual fundamental class associated with the section /i_R,e. // 
this section is smooth and transversal to the zero section, then P£'p(^)(/i({/i})) 
can be identified with the fundamental class of the vanishing locus Z^fiR^^) C 
R{E) X bB{R®V). 

Note that n is nowhere vanishing outside the cylinder Db{E) x Db{V), so the 
vanishing loci of n and nu^e can be identified. The vanishing locus M := Z^fiBj,) = 
Z{ij)/S^ will be called the "moduli space" associated with the map /i. 

Let p : £ ^ B, q : !F B he complex Hilbert bundles over B, let V, W be 
real Hilbert spaces, and let ^ : £ x V ^ J-" x W be an ^^-equivariant map over 
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B satisfying properties Vl, V2, V3 in section [3?3l Denote by tt : P{£) B the 
natural projection. The map ^iR.e descends to a smooth section jiR.e in the bundle 

Tr*{T){l) X I)fl(R ® V) X W ^ P(5) X bii{R ® V) , 

and again one can identify the moduli space M. :— Z{fi)/S^ of fi with the van- 
ishing locus Z[jlfi,g) of this section. Using the same argument as in the proof of 
Proposition 13 . 1 51 we see that the moduli space is compact. Suppose now that 
V^. B is a, compact, smooth, connected, oriented manifold, /i is smooth and the 

fiberwise differential of fc := /i — d at any point is a compact operator. 
This condition is always satisfied in practical gauge theoretical situations; indeed, 
the map k is usually given by the composition of a smooth map £ y.V Ti y. Wi 
with a map Ti x Wi ^ T x W over B defined by a smooth family of compact 
operators. The condition implies that jlu^e is a smooth Fredholm section on 
the Banach manifold P(£) x Z?fl(IR V). In order to give sense to the virtual 
fundamental class of the moduli space M. we have to trivialize the determinant line 
bundle det(index(r'/ifl g)) over M.. Equivalently, it suffices to trivialize the line 
bundle det(index(D/i)) over Z{ii). In these formulae the symbol D stands for the 
family of intrinsic derivatives of a section at its zero locus, and /i is regarded as a 
section of the bundle [p*{T) x V] x W ^ f x V. For a point (e,w) € with 
p(e) — y one has a natural identification 

det(index(i:)(e^„)^)) = A"(ry(B)) «) det(index(d(e,„)Ai|£^xv)) > 
where n :— dim(i3) and /i|£^xv : x V ^ JFy x W is the restriction of ji to the fiber 
over y. By the condition 7^4, the differential of this restriction is congruent with 
the operator dy = {5y,l) modulo a compact operator. Therefore (since the family 
5 — {Sy)yf=B has a canonical complex orientation, and B is oriented) one obtains 
a trivialization of det(index(_D/x)) for every orientation o of coker(/) = H. This 
is precisely the orientation parameter involved in the definition of the cohomotopy 
invariant {/i}. Fix such an orientation o. Using the results in [Brj . we obtain a 
virtual fundamental class in Cech homology [A^]^"' G //^t„(A^;Z), where 

w = w{fi) n + 2t(ind(5)) - 6 - 1 = n(ind((5)) - {b - 1) 
is the expected dimension of our moduli problem (the index of the section jiR.e)- 

Put X :— ind((5), and note that the group 

0<2i<w 

can be identified with H.u,{F{£) x Dii{R V);Z) = H^{P{£);Z). 

Definition 4.7. The full homological invariant of fi is the image {/ijii of the class 
m the group H^{md{d);Z). 

Theorem 4.8. Suppose that conditions Vl - VA hold. Then 

{il}Yi = PD^oh,{{ll}) . 

Proof: As in section 13.51 choose a finite dimensional approximation of tt, 
associated with an ry-admissible pair {F,W). Define /^c.tt, oo : Dc{£) x DciV) 

A«c,7r,oo(e,w) = ^c,7r(p_B(e),Pv(w)) +PF^y.W^ °dopE±^y± . 
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This map takes finite values by Lemma 13.121 We claim that there exists a smooth 
homotopy 

n : [0,4] X Dc{£) X Dc{V) ~^TxW 

between M|Dc(f )x_Dc(v) ^^'^ Mc,7r,oo in the space of S'^-equivariant Fredholm maps 
over B, such that for < t < 4 the map Ht has no zeroes in d[Dc{£) x Dc{V)] U 
0'^ X Dc{V). To obtain such a homotopy it suffices to replace E, V, F, W in the 
definition of the homotopy H used in the proof of Lemma [3.131 bv £, V, !F, W, 
and to compose the resulting map from the right with a smooth homeomorphisms 
9 : [0, 4] [0, 4] having the properties 

0{i) = i , 6^''\i) = for i e {0,1,2,3,4} , fc > 1 

(to assure differentiability) . Using the homotopy invariance of the virtual class [Brj , 
we can identify {/i}H with the image of the virtual class [ij.c,tt,ooY" in H.uj{¥' {£)]!?). 
On the other hand, by the "associativity property" of the virtual class (see Proposi- 
tion 14 (4) in |Brp and Corollarv l4.6[ the latter is just the image of P£'p(B)(/i({/ic,7r}) 
via the embedding P(_E) P(£). But P£'p(£;)(/i({/ic,7r}) is a representative of 
PD^oh,{{n}). 



4.2. Cohomotopy invariant jump formulae. 
4.2.1. General results. Let 

M — > N — > P 

be a cofiber sequence of pointed S'^-spaces over a compact basis B. For every 
pointed 5^-space Y over B there is an associated long exact sequence of cohomotopy 
groups 

■■■^ s^aUP.Y)^ s^^%{NX)-^ s^o^UM.Y)-^ s^a)+\P,Y)^ ... . (19) 

The connecting morphism 

9: sia|(Af,y) = sia'=+i(MAs S\Y) ^ s^a''+\PX) 

is given by composition with the contraction map c : P M Ab S} induced by a 
fixed homotopy equivalence between P and the mapping cone of the map M N. 
For the cofiber sequence 

SiO + B DiO + B 

associated with a vector bundle ^ over a compact basis B, the morphism d can be 
described in the following way. The obvious isomorphisms 

o/^N . oi ^ 5(0 X [0,1]/ ^+ ^ 5(0 X [0,1]/ 

5(0+bAb5 = ^ 75(0 X {0, 1} ' = 

(where ^ is the equivalence relation generated by (w,0) ^ (w',0), (w,l) ~ (^',1)) 
allow us to use 5(0 x [0, l]/5(0 x {0, 1}, 5(0 x [0, 1]/- as models for 5(0+b As 
S} and Using these models, the morphism d is given by composition with the 
contraction map 

, . 5(0 X [0, 1]/ ^ 5(0 X [0, 1]/ (r,r.. 

cj. L,y_^ ^' 75(0 X {0,1} ^ ' 

induced by the identity of 5(0 x [0, 1]. 
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Consider now an oriented 6-dimcnsional real vector space H and the cofiber 
sequence over B associated with the trivial bundle I£ = B x H over B: 

Sm+B) ^ DiH)+B ^ H+ . 

Let £^ be a Hermitian vector bundle over B. Taking smash product with S{E)j^b 
over B yields the following cofiber sequence over B 

S{E)+B Ab S{H)+b SiE)+B ^ S{E)+B As H+ 

Since S{E)+b A_b S{H_)+b — [SiE) x S{H)]+b, the associated long exact cohomo- 
topy sequence is 

• • • ^ sia^\SiE)+B Ab H+, [F ® H] + ) ^ s-a-HS(E)+B, [F © ^ 

^ s^a-s\[S{E) X Sm+B, [F®H]i) ^ 
^ S.a°B{S{E)+B, [F]+) ^ s^a°B{S{E)+B, [F © ^ . . . . (21) 
Note that one has canonical base change isomorphisms 

S^a%i[SiE) X Sm+B, [F © ^] + ) s^a%iS{E)^^, [F © ^]t) . (22) 
associated with the projection 

p: B = B X S{H) B 
(see [CJj Proposition 5.37, Proposition 12.40 for the non-equivariant case). 



A map k:B^ S{H) defines a section jf : S{E)+b ^ [S{E) x S{H)]+b over B 
of the projection [S{E) x S{H)]+b S{E)_^.b, so it defines a splitting of the exact 
sequence (j4.2.ip . 

Lemma 4.9. Let m e s^ag^i[S{E) x S{H)]+b,[F ® H}b)^ <^'^d let kq, ki : B ^ 
S{H) be two maps. One has the identity 

(4)*M - (jfo)*M - d{no, «i) • a(m) , 

where where d{K(j,Ki) £ gia^^ (B+h, H^) = 5iQ;^^(i3_|_B, B+s) is the difference 
class of the maps kq, ki regarded as sections in the sphere bundle S(H). 

Proof: The difference class d{KQ,Ki) is defined by the map 

A:B,bAbS^^B- [0^ , ^ ^^^^Vsm ^ 

induced by 

[(1 - 2t)Ko(6)] for < i < i 
[(2i- 1)ki(6)] for l<t<l. 
The connecting morphism dn in the long exact sequence 

SI "5^(^+5 1 iis) s^oi%{B+b,S{H_)+b) s^(^'b{B+b,B+b) s^(^'b{B+B:H^) 
is defined via the identifications 

S^as\B+B.H+,) - s^a%{B+B Ab S\H+) 

s^a%iB+B, S{H)+b) = s^a%{B+B Ab S\SiI£)+B Ab S}) , 
by left composition with the contraction : H_g S{H_)^b Ab S}. The image 
of d{KQ,Ki) under dn is just the difference {ki} — {kq} € yia^f-B-t-B. 5'(iJ)-t-B). 
One has obviously 

- Ofo)*M ^mo{{Ki} - {ko}) ^modH{d{KQ,Ki)) . 



(b,t) 
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We know that dH{d{Ko, ki)) is represented by ch o A and the connectmg operator 
d in the exact sequence (|4.2.ip acts by right composition with the same contraction 
Ch- Therefore 

=mo(c//oA) = d{m)od{Ko,Ki) = d{m)o{d{fiQ, Ki)-{idB+s}) 
= {d{Ko, Ki) ■ dim)) o {ids+fj} = (i(Ko, ki) • 9(m) . 
Here we have used the fact that the composition multipUcation o is sia*{B)- 
bihnear. ■ 
This lemma has an important analogue for the groups a*{x) associated with a 
K-theory element x. For a compact space P we put 

a*(P;x)=lim s^aUSiE)+B Ab E+b, Fb) ■ 

{E,F)ex 

where the inductive limit is taken with respect to the category T{x). Using the 
methods used in section [2731 for the definition of the groups a* {x), and the results in 
section [531 we see that this inductive limit exists; it can be constructed by taking 
first the limit of 5iQ!^(S'(£'®C")+b AbP^^, [FeC"];^) over n, and factorizing the 
result by the action of J{I[K~^{B)]) C sia^{B). The graded group a*{P: x) comes 
with an obvious homomorphism Q*{P] x) ~f a* {pg{x)), where ps '■ B x P B is 
the projection on the first summand. 

Taking the inductive limit of the connection morphisms d = Oe.f in (|4.2.f p with 
respect to the category T(x), one gets a morphism 

:= lim Oe.f ■ a''-\S{H);x) — >a"{x) . (23) 

which is intrinsically associated with x. 

Let K, : B S{H) be a fixed map. The system of morphisms 

Of)* : s^a*B{[S{E) x S{H)]+b,F+) ^ s^a*s{S{E)+B.F+) 

induces a morphism j'* : a*{S{H); x) —>■ a*{x). 

Corollary 4.10. Let m e a^^^{S{H); x), and let kq, ki : B ^ S{H) be two maps. 
One has the identity 

4.2.2. The universal perturbation and the invariant jump formulae. Let F be 
Hermitian vector bundles over a compact basis i?, let V , W be Euclidean vector 
spaces, and \e% ^ : E xV ^ [F x W]'^ be an S'^-equivariant map over B satisfying 
the properties PI and P2 (f ) with h — {). In other words, 

where I : V ^=-^ Wq C is a linear embedding. The cylinder construction cannot 
be applied to such a map, because has vanishing points on the core 0^ x D^{V) 
of any cylinder Dji{E) x Dji{V). We orient the orthogonal complement H of Wo 
in W, and we denote by b its dimension. Let e > 0. For every map k : B S^iH) 
we define the perturbation 

li^:ExV^[FxW] + 

by putting fiK,(e,v) :— Tf^(y-j{p{e,v)) for e £ Ey. Here ^^(j;) denotes the automor- 
phism of [F X [H ® Wo)]^ which extends the translation 

{f,w) t-^ {f,w + K,{y)) . 
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Remark 4.11. If e > is sufficiently small, the map ii^ satisfies the properties 
PI. P2 of section \3.1\ so the cylinder construction applies and yields a stable class 
{lJ^.}(.s^a'^\S{E)+B,F+). 

Proof: Suppose that ji satisfies the property PI with constants C, c. Choose 
e < |. The map /i„ satisfies PI with constants C, c' := |, and P2 with constant 

EO = £• ■ 

Another way to construct a map satisfying properties PI , P2 is to let k vary 
in the sphere S'e {H) and consider the universal perturbation 

jl-.ExV — > F -xW 

over the basis B := B x Se{H) (where E p*g{E), F := p%{F)) which acts 
as fj-K over B x {k}. This map also satisfies properties PI, P2 with the same 
constants as any /i^, so that the cylinder construction applies and yields a class 
{jl} G sia^"^(S'(i?)^, F^). Our next goal is to understand this class {fl}. The 

essential point is to identify the image of {fl} G 5ia^^^(S'(i?)_|_j3, FJ")} under the 
connecting morphism d. 

Recall from section [2^ that {o(^e,f)} G 5ia^(5'(i?)+B, F^) is the class of the 
obvious pointed map S{E)^b ^ Fg over B which maps +b to the infinity section, 
and S{E) to the trivial section. 

Proposition 4.12. (The d-image of the invariant of the universal perturbation) 
Via the identification 

Sia%{S{E)+B Ab H+, [F e H]+) = sm^(5(F)+B, F+) 

one has 

5({m}) = -{o{E,F)} ■ 



Proof: As in section [3Tl fix R > C and e < min(£o,c') = min(e, |). Let 
tq < R he sufficiently small such that /i(e, v) remains finite for every (e, v) e 

Dr,{E) X Dr{V). 

Step 1. We replace P'\dr{e)xDii{v) ^ map p,r which represents the same class 
{fl} and coincides with the K-independcnt map outside the smaller cylinder 

DriE) X Dr{V). 

Define fir : Db.{E) x Db{V) — > [F x by the formula 

-.,^^.._({l-^\\e\\){n + l{v)) + ^\\eMe,v) for < ||e|| < r 
fir[e,K,v) .- <^ ^(e,t;) for ||e|| > r . 

The maps fir and fi coincide on the core 0^ x Db.{V) of the cylinder Db.{E) x 
Db.{V) and they differ by the translation outside Dr{E) x Dr{V). We define a 
homotopy between jlr and iJ-\Da{E)>iDn{v) putting 

, j {l-t)jir{e,K,v)+tjl{e,K,v) for |le|l < r 

' ^-"1 Tt,of,{e,v) for ||e|| > r . 

Claim: If t is sufficiently small, then H/iJ-ll > c' on 9 D[i{E) x Db{V) for every 
te [0,1]. 
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The claim is not obvious only for points {e,v) £ Dt{E) x Sr{V). One has the 
identity 

p}^{e,K,v) = j ( 1 - i||e|| ) K + l{v) + -||e|| \pL{e,v) - l{v)]\ +tii[e,v) + tK = 



= (l-^l|e||)«;+ t+^^-^\\e\\ [^Ji{e,v)-l{v)] . 

The first two terms belong to orthogonal complements, so for e e D^{E) one has 

\me,K,v)\\ > ||/(^,)||-||^(e,z;)-/(«)|i . 

Since /i(0^,f) = H^), and fi is fibcrwise differentiable with globally continuous 
derivatives on x V^, it holds 

lim {sup{(Ai(e,i;) - l{v)) I < ||e|| < t, ||w|| < i?} | = . 

On the other hand, for ||w|| = R one has ||^(f)|| — \\fJ,{Oy,v)\\ > c. This proves the 
claim. 

Using the Claim and ||/i^(e, k, = ||k|| = e > we see that (/i^)tG[o,i] defines 
a homotopy between /2t- and A|£)R(_E)x_DH(y) space of maps for which the 

cylinder construction applies. Therefore 

{A} = {Ar} e sia''g\[S{E) X S{H)]+B,F+) for all sufficiently small r > 0. (24) 

Step 2. We compute the class — 9({/ir})- 

Regard {p-r} sls an element in the group 

Sias\[SiE)xS(H)]+B,[F(BH] + ) = sia%i[SiE)+BABS{H)+BABS\[F0H] + ) . 

As explained at the beginning of this section the morphism d is given by composition 
with the contraction map 

induced by the identity of Se{H) x [0, R]. The morphism —d is defined by compo- 
sition with c', where c' is induced by the map (k, p) — > {n, R — p). 



B [F xW]%\D,{F xW) 



The class {pr} is represented by the map 

mr : S[E) X ^^(if) x [0, i?] x ^ ^Is/^ ^ + 

given by 

TO^(e, K, p, w) = [/i^(pe, K, w)] . 
As we have seen in section 13.11 this map induces a map 

S{E)+B Ab SiH)+B Ab S} Ab V+~^i^'' ^^b/^ ^ ^ ^^^^ ^ 

because it has the following properties 

(1) mT-(e, K, 0, v) and mr{e, k, R, v) belong always to the infinity section of the 
right hand space, 

(2) rhr{e, K, p,v) belongs to the infinity section of the right hand space when 
WvW^R. 
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The class —ddftr}) is defined by the map 

< : S{E) X Sm X [0, R] x Dn{V) - >< ^Ib/^ [FxW]+\D,{Fx W) 
given by 

m!^(e, p, u) = mr (e, k, R — p,v) . 
This map descends to a map 

because it has the following properties: 

(1) m'^{e, K,0,v) and m'^{e, k,R,v) are independent of k. 

(2) m^(e, K, i?, w) belongs always to the infinity section of the right hand space. 

(3) m,'^{e, K, p,v) belongs to the infinity section of the right hand space when 
||u|| = R. 

These three conditions characterize the maps of pointed spaces over B defined on 
S{E) X Se{H) X [0, R] X Dr{V) which descend to S{E)+b ^bH+AbY_+. 

Step 2 (a). We deform the map fh'^ in the space of maps satisfying the three 
properties above, by composing it with a 1-parameter family of contractions in the 
p-direction. 

For t E [0, 1] define the map 

: S{E) X S4H) X [0,R] x Dn{V) - >< ^Ib/^ ^ ^ ^^^^ ^ 

by 

[TO^]*(e, K, p, -y) = rhr (e, k, {1 - t + t^){R - p),7?j . 

The family ([TO^]*)tg[o,i] defines a homotopy in the space of maps satisfying prop- 
erties (1), (2), (3) above. The main point in checking (1) is the fact that the map 
rhr is constant with respect to k for p e [r, R]. Therefore it holds 

-d{{pr}) = {[Kn = {[<]'}■ 

Putting m" := [?fi!j.]^, one has 
rh"{e,K,p,v) = rhr{e,K,—{R-p),v) = 

Step 2 (b) . We remark that the family of maps •fh" has a uniform limit as r — > 
and we compute this limit explicitly . 

Using arguments as in the proof of the claim above, we see that 

uniformly. Therefore m" := lim^_>om" operates by m"{e, k, p,v) = ^K + l{v). It 
is now easy to see that the map 

5(^)+bAb^^AbZ^ - ^ ^1 X W]+ \ D,{F xW)= Fb^bH+ ABmo]^ 



1 ^ {K+l{v))+—^p{T——e,v) 



R 



R 



R 
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induced by m" is homotopic to the smash product over B of the obvious map 
S{E)+B F+ (which represents o{E,F)) with l^:V_^^ [W.o]w ^nd id : ii^ ^ 



HI. 



For a map k : B ^ S^{H) one has 

{M = Ofr({A}). (25) 

This formula shows that the individual invariant associated with a map 

K : B Se{H) is determined by the invariant associated with the universal per- 
turbation jl and the homotopy class of k. Using Corollary 14 . 1 01 we obtain 

Corollary 4.13. (Cohomotopy invariant jump formula) One has 

{M«o} - {/^Ki} = 0(iS,F) • d{Ko, Ki) , 

where o?(ko,ki) G qiag^(B^R, H^) is the difference class of the maps kq, Ki re- 
garded as sections in the sphere bundle Sf(H). 

Suppose now that 6=1. In this case Se{H) has two elements kq, ki, and the 
difference class d(Ko,Ki) is just the unit element of sia^{B+B, B+b)- Therefore, 
in this case, our result gives 

Corollary 4.14. (Cohomotopy wall crossing) Suppose 6=1. Then the two classes 
{Mkq}' {Mki} associated with the two perturbations fi^^, of fi are related by the 
formula 

{^i.A-{^^^^}^{o{E,F)} . 

We can now extend our results to the infinite dimensional case. Let B be an 
oriented compact manifold, £, J- complex Hilbert bundles over B,V,W real Hilbert 
spaces, and fi: £xV^!FxW an S'^-equivariant, fiberwise differentiable map 
over B satisfying properties Vl, Vi and V2 (1) with /i = 0. Then we have an 
orthogonal decomposition W = H®Wo, and ^{Qy,v) — l{v) for every v £V, where 
I : V ^ Wo is a linear isometry. We fix an orientation of the finite dimensional 
summand H . Defining in the same way as in the finite dimensional framework the 
universal perturbation jl, one gets a stable class 

{fi}ea*{S,{H);x) , 

where x G K{B) is the index of the complex part of the fiberwise linearization of 
/J, at the zero section. Recall that the Euler class 7(0;) € a^{x) is defined by the 
system of stable classes —{o(^e,f)} G s^oi%{S{E)j^BiF^) defined by the obvious 
maps S{E)+B F^ (see section [2?6| . Using the results obtained above and taking 
inductive limit over T(x), we obtain 

Corollary 4.15. (1) The image of {p.} under the morphism 

d.,:a^-\S,{H)-x)^a\x) 

is given by 

d.m) = ^[x) . 

(2) Let kq, Ki : B S{H) two maps. Then 

{MkJ - {Mko} = d,{Ko, Ki) ■ 7(x) . 

(3) Suppose 6=1 and write S^{H) = {ko,ki}. Then 

{MkJ - {Mko} = 7(2;) • 
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4.3. A product formula and a vanishing theorem. In this section we give the 
infinite dimensional analogue of the product formula proven in section 13.2.31 

Let Vi, Wi be real Hilbert spaces , £{, J-i complex Hilbert bundles over a compact 
base B {i = 1, 2), and let fii : Ei x Vi ^ [Fi x Wi]~^ be S'-'^-equivariant maps over B, 
satisfying the properties Vl, V2 (1) and VZ of section l373l with constants C, c. Let 
Wi — i?iffiWo,i be the corresponding orthogonal sum decompositions, U -.Vi^ Wo.i 
isometrics, Xi G K{B) the K-theory elements defined by the corresponding families 
5i of Fredholm operators, and hi : B ^ Hi the maps given by V2 (1). We introduce 
the notations: 

V := Vl ® V2, W := Wi ® W2, H -.^Hi® H2, Wo Wo,i ffi Wo,2 , I '.^ h ® h , 

and consider the Hilbert bundles £ := £1 ® £2, ^ ^1 (B ^2- The product map 

/X : £ X V = [£i X Vl] ® [£2 X V2] —> [.F X W]+ - [J^i x Wi]+ As [^2 x ^2]^ 

also satisfies properties VI V2 (1) (with associated map h — {hi, /i2) : B H) and 
7^3; it satisfies V2 (2) as soon as one of the two maps ^1, ^2 does. 

Suppose that jii satisfies property V2 (2). In this case the construction of section 
13.31 applies and yields an invariant 

The finite dimensional approximations of the map ^2 define classes 

^ s^<J'i{[E2]UF2]+) . 

It can be shown that a compatibility result similar to Proposition 13.131 holds, so 
that one obtains an invariant 

{/.+ } e a''^{xt) := hm s^a"^ {[£2] + , [^2]+) . 

Here the inductive limit on the right is taken over the category T{x2) and is con- 
structed using the same methods as in the definition of the groups a*{x) (see section 
12. 3p . The direct limit of the obvious products 

s.aY\S{Ei)+B, + ) X s-a''i{[E2] + , [^2] + ) ^ 

s^a''^+'''-\S{El)+B^B[E2]%,[Fl®F2]+B) '-i s^a''j^+'''-\S{Ei®E2)+B, [Fi®F2]+) 
gives a well defined product 

■ : s^a'''-\xi) X a''Hx+) ^ s^a^'^'^^^xi + X2) . 
Using finite dimensional approximations of fi of the form 

Mc,7riX7r2 ^ (A*l)c,iri X (^2)0, ir2 

and applying Proposition 13. 31 we obtain 

Remark 4.16. Under the assumptions and with the notations above, the invariant 
of the product map ^ — ni x ^2 is given by the formula 

{Mi X M2} = {mi} • ■ 

Note that in this formula the map ^2 is allowed to have S^-invariant zeroes. In 
the case when both maps fii satisfy 7^2 (2) (so they are nowhere zero on their 5^- 
fixed point loci) one has the following important vanishing result for the Hurewicz 
image of the invariant associated with a product map: 
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Proposition 4.17. Put x :— xi + X2 £ K{B) and let hx ■ a*{x) H*{x; T) he the 
Hurewicz morphism associated with x. Suppose that both maps fXi satisfy properties 
VI, V2 (1), VI (2) and V3, and that B is a finite CW complex. Then 

Proof: Let rm := {^i)c.,-ni be finite dimensional approximations of and put 
TO := TOi X TO2. Applying the cylinder construction to this maps we get a represen- 
tative 

ruR : S{Ei®E2)+B As U®Vi®W\+ [Fi ® F2 ® IfVi ® W^]+ 

oftheclass{/xiX^2}. Vnt E -.^ Ei®E2, F Fiffii^z, V := Vi®V2, W := Wi®W2, 
and b = bi + &2- Let 

mfl:[R®Z]+^)->[F®I£]+^^ 
be the associated sphere bundle map, constructed as in section 14.1.11 We denote 

by 

p : [1 ® Z]+ ^) ¥{E) ,q:[F® W]r(E) 

the two bundle projections, and by h := hfnn e H^^+''^+''^-'^{F{E);Z) the corre- 
sponding Hurewicz class, which is defined by the equality 

{mR)*{tp^^) = p*{h) U tRey (26) 

in if*([R ® yjp^^p oor0\/; Z). Since both maps Hi satisfy property P2, it follows 
that, for a sufficiently smaU neighborhood V of P{Ei) U FiE2) in P{E), the map 
ifiR maps p~^{V) to the infinity section of the right hand bundle. We can suppose 
that P is a standard compact neighborhood of this union, i.e. it has the form 

V^¥{E)\\[eue2]eP{E)\ e, ^ 0, InM^ 
I I|e2|| 

for sufficiently large s > 0. The pull-back class (TO;^)*(t^^^y) can be regarded 
as an clement in H*{[R ® V]+^j^y ooRf^v U p-^{V);1), which can be identified 
with i/*^('^™(^)+^)(P(i5), 7^; Z) via the relative Thom isomorphism over the pair 
{F{E),V). Therefore, the equality 

imR)*{tp^^) = p*{h')UtKev (27) 

in ff*(([l® V:] + ^),ooRezUp"^(P);Z) defines a class h' G H*{F{E),V]Z), and 
h is just the image of h' via the morphism C* : H* {P{E),V;Z) -> H*{¥{E);Z) 
associated with the map C : (P(£'),0) {F{E),V). Put now 

Po := F{E) \ (P(Si) U F{E2)) ,Vo:=V\ (P(-Bi) U P(£;2)) , 

and denote by Hq the image of h' via the morphism /* : H*{F{E),V;Z) 
H*(Fq,Vq;Z) defined by the map / : [Fq^Vo) iF{E),V). The main point in 
the proof of our proposition is that the restriction 

mfl|p„ :p-^(Po)^q"'(Fo) • 

is equivariant with respect to the free S'^-action (C, [61,62]) [^61, 62] on Pg and 
the obvious lift of this action in the bundle F\f^. This is just because fj, is the 
product of two S'-'^-equivariant maps ^i. Therefore, mR\f^ descends to a bundle 
map 
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over Qo Vo/S^. The two sphere bundles above coincide with the fibrewise 
compactifications [M®il]Q|j, [i^offiSllQ^, where Fq is the S'^-quotient of F, regarded 
as a bundle over Qq. We denote by po, qo the corresponding bundle projections on 
Qo- Put Q '■= P / Si, Qo := QnQo- Using the relative Thorn isomorphism over the 
pair (Qo, Qo), it follows that the equality 

defines a class fco G H*{Qo, Qo;Z). Taking the pull-back of this equality via the 
projection Hq : (Poj'^o) (Qo, Qo), (and comparing the obtained formula with a 
similar equality satisfied by h'^), we see that nQ(A:o) = ^o- Therefore 

h = C*o I*-^ o U*{ko) C* o n* o [J*]-'^{ko) , (28) 

where 

n : {v{E),r) ^ (^(^V^i, q) , J ■■ (Qo, Qo) - (^^^V^i, q) 

denote the obvious maps. In this formula we used the identity J o Hq = 11 o /, and 
that the maps /, J induce isomorphisms in cohomology, by the excision theorem. 
The result follows now directly from Lemma [4. 181 below. ■ 

Lemma 4.18. The morphism 

U* : H* (^^^ygi,Q;Zj — > H*{F{E):Z) 

induced by the map [/ := Ho C : (P(£'),0) ^ i^^^Vs^'^)' "«™s^es. 
Proof: By the excision and homotopy invariance theorem one has 
H* , Q; Z) = H* {n%, \Q,Q\Q;l) , 

where Q is the interior of Q. One has a natural homeomorphism 

^^^ygi\Q^mE,)xBViE,)]x[~s,s], [ei,e2]^ (^N,N,lnM) , 

and this homeomorphism identifies Q \ Q with [P(i?i) x P(i?2)] x {— s, s}. Multi- 
plication with the Thom class of the trivial bundle 

P{E,) XbHE^) X (-s,s)-^P{E,) XBnE2) 

defines an isomorphism 

H\PiE,)xBnE2y,z) ^ C^^^V^i \ Q, Q\ Q;^) = H'^' ("^(^V^i' 2;^) ■ 

Step 1. When i? is a point, the statement of the Lemma is obvious because in 
this case both spaces P(i?i) x^ P(£'2) and f{E) have trivial cohomology in odd 
dimensions. 

Step 2. For a general basis, note that U induces a morphism of the Leray spectral 
sequences associated with the projections 
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But the Leray spectral sequence for the relative cohomology of the pair (^^^y^i , Oj 
can be identified with the spectral sequence for the cohomology with compact sup- 
ports of \ Q. It suffices to note that the induced spectral sequence morphism 
vanishes at the '''-level, by Step 1. ■ 

5. Appendix 

5.1. Inductive limits of functors. We recall the following important 

Definition 5.1. (^ [AM] p. I48) A filtering category is category C with the properties 
Fl. For every pair (O, O') of objects, there exists an object O" and morphisms 
O O", O' O". 

F2. For every two morphisms u, v : O ^ O' there exists an object O" and a 
morphism w : O' ^ O" such that w o u — w o v. 

For small filtering categories one has the following basic fact: 

Proposition 5.2. /" [AMj . p. 149-150) Let A be one of the categories Sets, Ab 
or Qr, and let C be a filtering small category. Then any functor F : C A has 
an inductive limit, which can constructed in the classical way: one factorizes the 
disjoint union Woeob{c) ^(^) equivalence relation 

{0,x) - {0',x') if3u:0~* O", u' : O' ^ O" with F{u){x) = F{u'){x') . (29) 

When A — Ab or Qr, one endows the obtained set of equivalence classes with the 
operation induced by the group operations on the summands F{0) of the disjoint 
union. 

We will say that C is weakly filtering if it satisfies Fl and the following weak form 
of the axiom F2. 

F2. For every two morphisms u, v : O ^ O' there exists an object O" and 
morphisms w,z : O' — > O" such that w o u — z o v. 

Lemma 5.3. Suppose that C is weakly filtering and small. Then the relation ^ 
defined in i29\) is still an equivalence relation, and the conclusion of Proposition 
holds forA = Sets. 



Proof: It suffices to check that ~ is transitive. Let x G F{0), x' E F{0'), 
x" E F{0") with X ~ x' , x' ~ x" . Therefore there exists morphisms u : O ^ O, 
u' : O' ~* O, v' : O' ^ O, v" : O" O such that F{u){x) = F{u'){x') and 
F{v'){x') = F{v"){x"). By Fl there exists morphisms w : O Oq, w : O ^ Oq. 
We apply F2 to the morphisms wu' , wv' : O' —^ Oq. We obtain morphisms z, 
z : Oq Oi such that zwu' — zwv' . Therefore 

F{zwu){x) = F{zw){F{u){x)) = F{zw){F{u'){x')) = F{zwu'){x') = 
= F{zwv'){x') = F{zw){F(v'){x')) = F{zw){F{v"){x")) = F{zwv"){x") , 
hence x ^ x" . ■ 

For A = Ab or Q one cannot endow the quotient of the disjoint union by this 
equivalence relation with a coherent group structure using only the weakly filtering 
condition. 

Unfortunately, we will need inductive limits of functors defined on index cate- 
gories which are not small. In this case the disjoint union considered in Remark 
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15.21 might not be a set. However, there exists a simple situation when the existence 
of an inductive hmit is guaranteed: 

Lemma 5.4. Let C be a weakly filtering category, Q G Ob{C) a fixed object and 
F : C A a functor such that F{u) is surjective for every morphism u : Q ^ O. 

(1) Suppose A = Sets. 

(a) The relation on F(Q) defined by 

y^y' if 3 u, v: Q ^ O such that F{u){y) = F{v){y') (30) 

is an equivalence relation. Put L :— F(Q)/ w. 

(b) For any O € Ob{C) there exists a unique map fo ■ F{0) — > L defined 
by fo{x) = [y\ for any pair (x, y) £ F{0) x F(Q) for which there exist 
morphisms u : O O, v : Q O with F{u){x) — F{v){y). The 
system {fo)oeOb{C) F -compatible (i.e. it holds fo' ° F{w) = fo for 
any morphism w : O ~^ O' ). 

(c) The system {fo)oeOb{c) satisfies the universal property of the inductive 
limit, so the inductive limit of F exists and can be identified with L. 

(2) Suppose A — Ab or Qr. 

(a) Let LI be a smallest normal subgroup of F[Q) which contains the ele- 
ments x'x~^ with x w x' . Put L :— F{Q)/L{. 

(b) The system of morphism (fo '. F{0) — > i)oeC'6(C) defined in a similar 
way as in (1) is F -compatible and satisfies the universal property of 
the inductive limit. Therefore the inductive limit of F exists and can 
be identified with L. 

Proof: (1) (a) is clear. For (b) we have to prove that the map fo is well defined. 
Let y e F{Q), y' e F{Q), u : O O, v. Q ^ O, u' : O ^ 6' , and v' : Q ^ 0' 
such that F{u){x) — F{v){y) and F{u'){x) — F{v'){y). We can find an object O 
and morphisms w : O O, w' : O' ^ O. Since C is weakly filtering, the exist 
morphisms z : O — s- Oq, z' : O Oq such that zwu = z'w'u' . This implies 

F{zwv){y) = F{zw){F{u){x)) = F{z'w'){F{u'){x)) = F{zwv'){y') , 

so ?/ « y'. 

The F-compatibility of the system {fo)oeOb{C) and the fact that this system 
satisfies the universal property of the inductive limit are easily verified. 

(2) Follows easily from (1). ■ 

Definition 5.5. f [AM\ p. 149) Let N, C be categories. A functor Q : N ^ C is 
called 

(1) cofinal, if 

CI. For any O G Ob{C) there exists n G Ob{J\f) and u : O ^ 0{n). 
C2. For every n £ Ob{N), O G Ob{C), and u : 9(n) O, there exists 
m £ Ob^M), v : n ~* m and v : O ^ @{m) such that vu = Q{v). 

(2) cofinal in the sense of Artin-Mazur ( |AMj p. 14-9) , if 
CI. holds, 

C2. For every O £ Ob{C), n £ Ob(M) and u, v : O ^ ©("■), there exists a 
morphism fi : n m in Af such that Q{fi)u = Q{ii)v. 

Lemma 5.6. (1) IfJ\f is filtering andQ is cofinal in the sense of Artin-Mazur, 
then Q is cofinal and C is filtering. 
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(2) // C is filtering and & is cofinal, then Q is cofinal in the sense of Artin- 
Mazur. 

(3) Suppose Q : J\f ^ C is cofinal, and Af, C are both small and filtering. For 
any functor F : C ^ A (with A — Sets, Ah or Qr) the canonical morphism 

lim F{e{n)) ^ lim F{0) 

neOb(Af) OeOb{C) 

is an isomorphism. 

Proof: 1. Let u : Q{n) — > O be a morphism. Using CI, we can find a morphism 
w : O Q{m)] since Af is filtering, we can find morphisms rj : n ^ k, k : m k. 
Therefore, we get two morphisms 6(77), Q(k)wu : Q{n) 9(fc). By C2, there exists 
II : k ^ I such that Q{fi)<d{r]) — Q{fi)Q{K)wu. This shows [Q{fj.K)w]u — Q{fj.r]), so 
C2 holds with v = Q{fiK)w and ly = firj. The fact that C is filtering is stated in 
[AM] p. 149. 

2. Let u, V : O ^ Q{n) be two morphisms. Since C is filtering, there exists 
w : Q{n) — > O' with wu — wv. By C2, we can find m g Oh{M), v : n ^ m and v' : 
O' — > Q{n), such that v'w = Q{v). We will have Q){v)u = v'wu = v'wv = &{v)v, 
which proves C2. 

3. See Proposition L8 in \KM\ p. 150. ■ 

Example 1. Let B be a compact space and let Ub be the category of complex 
vector bundles over B. A morphism U U' \s a. pair u = {i,Ui) consisting of 
a bundle embedding i : U ^ U' and a complement Ui of i{U) in U' (see section 
12. 3p . The category Ub satisfies Fl but not F2, so it is not filtering. Let Af be 
category associated with the ordered set (N, <). Then the functor 9 : N ^ Ub 
which associates to n the trivial bundle C" and to an inequality n < m the standard 
morphism C" is cofinal. This follows from the fact that any vector bundle 

on B possesses a complement. Note however that Q is not cofinal in the sense of 
Artin-Mazur. 

Example 2. For a category C and an object Q S Ob{C) we will denote by Cq the 
category whose objects are morphism u : Q ^ O and whose morphisms are 

Hom(Q ^ 0,Q ^ O') := {w: O 0'\ w o u ^ v} . 

A morphism u : Q Q' induces in an obvious way a pull-back functor u* : Cq' — > 
Cq. If C is filtering then Cq is filtering and the target functor functor T : Cq C 
is both cofinal and cofinal in the sense of Artin-Mazur. 

Definition 5.7. A category with automorphism push-forward is a pair {U,A), 
where U is a category and A : U Qr a functor, such that 
Fl. holds in U. 

51. A{0) = Aut(O) for every O G Oh{C). 

52. For any u : O ^ O' and a e Aut(O) one has A{u){a) o u = u o a 

53. For every two morphisms u, v : O O' in U there exists an object O" , 
a morphism w : O' O" and an automorphism a G A[0") such that 
ao w o u = w o V. 

Note that when {U,A) is a category with automorphism push-forward, then U 
is weakly filtering (use S3). 
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Example 3. Defining the automorpliisni push-forward functors in the obvious 
way, the categories lAB^ Cb, T{x) introduced in this article become categories with 
automorphism push-forward. 

Let {U,A) be a category with automorphism push-forward, Q S ObiU) a fixed 
object, and F : U Ab a functor such that F(u) is a isomorphism for any morphism 
u : Q O. We know by Lemma [5.41 that the inductive hmit of F exists and is a 
quotient of F{Q). We need an exphcit description of this quotient. For every object 
u : Q ^ O \\i the category Z^g the group A{T{u)) acts on F{Q) via the isomorphism 
F{u) : F{Q) F{T{u)). A morphism w : T{u) T{v) can be regarded as an 
element in HomiYQ(u,w) and defines a group morphism A{w) : A{T{u)) —>■ A{T{v)) 
which intertwines the actions of these groups on G{Q). 

Proposition 5.8. Let ilA, A) he a category with automorphism push-forward, Q € 
OhiJA) a fixed object, and F :IA Ab a functor such that F{u) is a isomorphism 
for any u : Q O. Let M be a small filtering category and : M Uq a functor 
satisfying the co finality axiom CI. Put 

A := lim A{T{e{n))) . 
Then A acts on F{Q) in a natural way, the inductive limit lim F{0) exists and 

0£Ob(U) 

can be identified with the quotient F(Q) / I[A]F{Q) . 

Proof: By Lemma 15.41 the inductive limit of F exists and can be identified 
with a quotient F{Q)/H. Here H is the group generated by the elements of the 
form x — x' where x, x' £ F{Q) are such that there exists u, u' : Q ^ O with 
F{u){x) = F{u'){x'). We claim that the set of such pairs {x, x') coincides with the 
set of pairs of the form [ax' , x') with x' G F{Q), a G A. 

Indeed, if F{u){x) — F{u'){x'), choose v : O ^ O and a e A{0) such that 
vu' = avu. The morphism vu can be regarded as an object in the category Uq. 
Since Q satisfies the axiom CI, there exists n G Ob{N) and a morphism vu 8(n) 
in Uq, i.e. a morphism w : O T(0(n)) such that wvu = 0(n). We obtain 

F{e{n)){x) = F{wvu){x) = F{wvu'){x') = F{wavu){x') = F{A{w){a)wvu){x') = 

= Aiw){a){F{wvu)ix')) = Aiw){a){Fie{n)){x')) , 

which shows that x — ax', where a is the class of A{w){a) e A{T{Q{n)) in A. 
Conversely let o = [a] G 21 be represented by a G A{T{Q(n)) and suppose that x = 
ax'. This means F{Q{n)){x) — a{F{Q{n)){x')) so, putting u :— 6(n), u' :— aQ{n) 
one has F(u){x) = F{u'){x'). ■ 

Let {1A,A) be a category with automorphism push-forward, and let G ; C ^ ,4 
be a functor, where A is one of the categories Sets, Qr or Ab. 

Definition 5.9. We say that the stabilized automorphisms act trivially on G if 

TSA. For every O G Ob{C), x G G{0) and a G A{0) there exists a morphism 
u:0^0' such that G{u){G{a){x)) = G{u){x). 

In the presence of functor O : M ^ U, we say that the Q-stabilized automorphisms 
act trivially on G if 

9SA. For every n G Ob{Af), x G G(8(rt)) and a G A{Q{n)) there exists a mor- 
phism v : n m such that G{Q{i')){G{a){xy) ~ G{Q{i')){x). 
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Remark 5.10. If O is cofinal and G satisfies QSA, then it also satisfies TSA. If 
C is filtering, then any functor G : C A satisfies TSA. If moreover, Q is cofinal, 
then G also satisfies QSA. 

Let {U,A) be a category with automorphism push-forward, and lei G -.U ^ A 
be a functor. Let A/" be a small filtering category and Q : Af —i- U a cofinal functor 
such that QSA holds. Consider the classical inductive limit Lq := lim G(0(n)). 

For every O € OhiU) we define a morphism fo ■ G{0) Lq by fo{x) ■= [G{v){x)] 
where w : O — > Q{n) is a morphism (whose existence is guaranteed by CI). 

Proposition 5.11. Under the assumptions and with the notations above it holds 

(1) For any O G OhilA) the map fo is well defined. The system of maps 
ifo)oeOb(u) is G-compatible i.e. for any u : O ^ O' one has fo' o G{u) = 
fo- When A — Ah or Qr, the map fo is a group morphism. 

(2) The system {fo)o£Ob(u) satisfies the universal property of the inductive 
limit, therefore the functor G admits an inductive limit in A which can he 
identified with Lq. 

We agree to write v{x) . . . , instead of G{u){x), G{v){x) . . . , to save on 

notations. 

Proof: 1. Let v : O ^ v' : O 8(n') be two morphisms. Since Af 

is filtering, there exists morphisms v : n ^ m, v' : n' ^ m. Applying axiom 
S3 to the morphisms we get a morphism w : 0(m) — s- O and an 

automorphism a € A{0) such that wQ{v')v' = awQ{v)v. Now we apply the axiom 
C2 to w and we get morphisms u : O ^ Q{k), fj, : m ^ k such that uw — 
We have 

Q{liv')v' = uwQ{v')v' — uawQ{v)v = A{u){a)uwQ{v)v — A{u){a)Q{^xiy)v . 

Using the axiom QSA we obtain a morphism rj : k —t I such that 

9(7]) [A{u){a)Q{^iv)v{x)] = 6(77) [<d{^JLv)v{x)] . 

Therefore Q{r]iiu'){v' {x)) — Q{-q^v){v{x)), which shows that v{x) and v'{x') define 
the same element in Lq. The second and the third claim are obvious. 

2. Let A e Ob{A) and {go)oeOb{u)j 9o '■ G{0) A a system of G-compatible 
morphisms. Using the system (5e(n))nGC'&(A^) (which is G o 9-compatible) we get 
a unique morphism g : Lq A such that g o c„ — ge(n) for every n G Oh{Af), 
where c„ : G(9(n)) —^ Lq is the canonical morphism. It remains to prove that 
9° fo =90 for every O G OhiU). Let x € G(0) and choose v : G{0) —f 9(n). One 
has 

9° fo{x) = g{cn{v{x))) = ge{n){v{x)) = go{x) . 



5.2. Bundle maps between pointed sphere bundles. Let X be a CW com- 
plex and Y d X a subcomplex. For two sections s' , s" in a an oriented r-sphere 
bundle over X which coincide over Y, we denote by oy{s',s") G II'^{X,Y\X) the 
primary obstruction to the existence of a homotopy between s' and s" in the space 
of sections which coincide with s'|y = s"|y on F jS]. 
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Let TT,^ : C ^ B be an oriented real bundle of rank r over a CW complex B. 
Denote hy ir'^ : =: B ^ B the bundle projection of the associated sphere 
bundle, and consider the pull-back bundle C := [7r^]*(C) on B. The sphere bundle 
~ [^c']*^^S^ comes with a tautological section 0^ and an "infinite" section s^. 

These sections coincide on the subspace oo^ C B. We endow the space B with 
a CW structure in the following way: First, on the subspace oo^ we copy the 
CW structure from the base B via s^. Second, for every fc-cell e C B we put 
e := 7r^^(e). The attaching map corresponding to e is defined in the following 
way: let u : D'' ^ e C B the attaching map of e. The puUback bundle u*{() 
is trivial, so it can be identified with D'^ x MJ" = D'^ x D'^ . The induced map 
D'' X D'' ^ Tr^^{e) C C can be extended to map u : D'' x D'' ^ C C"*" in 

an obvious way. Let t(^ be the Thorn class of the bundle We claim 

Lemma 5.12. With respect to such a cellular structure on B one has Oooj (s^, ^c) = 

Proof: Let P : E ^ B := BSO{r) be the universal vector bundle with struc- 
ture group SO(r) and a fixed CW structure on the classifying space B. Since 
i?'^(B,ooE;Z) ~ iyO(B;Z) ~ Z, there exists an integer TV such that Oooe(s|',^e) = 
NtE. Let / : S B a cellular map which induces the bundle (. This map is 
covered by a bundle map f : B ^M, which is obviously cellular and maps the sub- 
complex oo^ of B into the subcomplex ooe of B. Using the functorial properties of 
the relative obstruction class and of the Thom class, we obtain Oqo^ (s^, 0() = Ni^. 
The integer N can be computed using any bundle so we will choose the bundle 
W — > {*}. The tautological section is just the identity of []R'"]+. It's easy to see 
that both classes can be identified with the generator of if''([lR'']+, oo; Z). ■ 

Corollary 5.13. Let C be an oriented r-bundle over a CW complex B, and let 
s be a section in Cg which coincides with s^ on a subcomplex A C B. Then 
oa{s^,s) = s*(tc) m H'-{B,A;Z). 

Proof: Note that, with respect to the cellular decomposition of B considered 
above, the section s : B ^ B is a cellular map and maps to subcomplex A into 
the subcomplex oO(^. It suffices to apply the functorial property of the relative 
obstruction classes with respect to cellular maps. ■ 

Corollary 5.14. Let C be an oriented r-bundle over a finite CW complex B of 
dimension n < r, and let A C B be a subcomplex. Then the map : s i— > s*(tf) 
defines a bijection between the set T^iCs) "/ homotopy classes of sections in 
which coincide with on A, and H'^{B,A;Z). 

Proof: Injectivity: Since dim(B) < r, for a section s G r^(^^) the only obstruc- 
tion to the existence of a homotopy between and s is the primary obstruction 
o^(s^, s). To prove surjectivity, consider, for any r-cell e C B\A, a section Se which 
coincides with on e\e and has a single vanishing point, which is non-degenerate. 
The pull-back sl{t^) is a generator of i?''(B, B \ e; Z) = Z. ■ 

Corollary 5.15. Let C,o, C,i be two oriented bundles of ranks ro, ri over an n- 
dimensional complex B. 
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(1) Ifn+ro < ri, any pointed bundle map f : [Co]g ~> [Ci]b over B is homotopic 
( in the space of pointed bundle maps over B) to the fiberwise constant map 
f°° which maps [Co]^ ^i^to oo^^ . 

(2) If n + ro = ri, then a pointed bundle map f : [Cole ^ [Cile over B is 
homotopic to /°° if and only if the class hf £ H'^{B]'L), defined by the 
condition /*(t^i) — [T^^^Yihf) Ut^g, vanishes. Moreover, the assignment 
f 1-^ hf defines a bisection between the set of homotopy classes of pointed 
bundle maps [Colg [Cilg (^''^d. H'^(B;'Z). 

Proof: It suffices to apply Corollarv l5.I4l to the pull-back bundle (i :— [t^^J*{Ci) 
over B := [Colg and to identify the space of pointed bundle maps [Cole ~^ [Cile with 
the space of those sections in [Cil^ which coincide with on oo^g C B. Then use 
the Thorn isomorphism • U t^„ : i?" Z) ^ {B, oo^;^ ; Z) . ■ 
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